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Abstract 

Let Ok be a discrete valuation ring of mixed characteristics (0,p), with residue field k. Using work of 
Sekiguchi and Suwa, we construct some finite flat 0^--models of the group scheme /ip^x of p n -th roots of 
unity, which we call Kummer group schemes. We carefully set out the general framework and algebraic 
properties of this construction. When k is perfect and Ok is a complete totally ramified extension of the 
ring of Witt vectors W(k), we provide a parallel study of the Breuil-Kisin modules of finite flat models of 
fJ-p n ,Ki m such a way that the construction of Kummer groups and Breuil-Kisin modules can be compared. 
We compute these objects for n ^ 3. This leads us to conjecture that all finite flat models of ^jl p ^ : k are 
Kummer group schemes. 
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1 Introduction 

1.1. Context. Let A; be a perfect field of characteristic p, W(k) its ring of Witt vectors, Kq 
the fraction field of W(k), K/Kq a finite totally ramified field extension, and Ok its ring of in- 
tegers. The aim of the present paper is the determination of the models over 0^ of the group 
scheme Hp^^K of roots of unity, or what is the same by Cartier duality, of the cyclic group scheme 
(7j/p n 7j)x- Apart from the intrinsic interest of the problem, a first motivation for doing this lies 
in the study of the representations of the absolute Galois group of K. Indeed, finite flat group 
schemes and p-divisible groups are extremely important examples of crystalline representations. 
Work of Fontaine, Breuil and Kisin has culminated into a fairly nice description of these groups us- 
ing modules with semilinear Frobenius. This description remains however very abstract and many 
arithmetico-geometric properties of the group schemes do not have an easy translation in terms of 
modules. Thus, one is in search of concrete examples witnessing the constructions and conjectures 
of the general theory, like the nitrations defined by Abbes-Saito [AS| and Fargues [Fa]. We wish to 
provide such explicit examples and test these general constructions. 

Another important motivation is to understand the reduction of Galois covers of K- varieties. In 
the case of covers of curves, it is visible already for isogenics of elliptic curves (Katz-Mazur [KM]) 
but also in higher genus (Abramovich-Romagny [AR]) that it is necessary to let degenerate, along 
with the varieties, also the Galois group of the covers. The existence of such group degenerations 
is studied more precisely in |Ro| and [Tol|. In the particular case of cyclic covers, this leads to the 
question of understanding the models of "L/p nr L. Here it is worth emphasizing that whereas in the 
context of Galois representations one is by choice sticking to the original field K, in the context of 
reduction of covers it is natural to allow finite extensions K'/K. This enhances the importance of 
cyclic A'- group schemes, since any finite flat commutative group scheme becomes isomorphic to a 
product of such after a finite field extension. 

A third motivation comes from the problem of finding an explicit description of the Hopf 
algebras of group schemes over a discrete valuation ring with prescribed generic fiber G, in other 
words the Hopf orders of the algebra The most studied and best-known case is that of 

G = fj, p n k- Going beyond the Tate-Oort classification [TO], work in this trend is due mainly to 
Larson |Lar| . Greither [Gr] . Byott |By| , Underwood [Un] and Childs [Ch] . As a result, one has 
a complete classification of Hopf orders for n = 1,2 and a wealth of examples for n = 3. One 
difference between our approach and some of these constructions is that we shall find descriptions 
which offer information about the cohomology of the associated group schemes. Another important 
feature of our constructions is that they require no assumption on the discretely valued field K, 
whereas the results obtained by the above authors are valid for K complete, with perfect residue 
field, containing a primitive p n -th root of unity. 
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1.2. Our approach. In this text, building on work of Sekiguchi and Suwa, we present a family of 
finite flat models of \i v n j^ which we call Kummer group schemes. For this, we consider models of 
(G mj x) n constructed by successive extensions of affine, smooth, one-dimensional models of G m ^K 
with connected fibres, called filtered group schemes. Kummer group schemes are defined as the 
kernels G of some well-chosen isogenics £ — > 3 between filtered group schemes, and their name 
comes from the fact that the exact sequence 0— ►G— ►£— >3~— >0isan integral model of the 
usual Kummer isogeny. This sequence is especially well-suited for the description of torsors under 
the group schemes at hand, which as we said before is one of our motivations. We also point out 
that the isogenies are given by explicit equations, and hence so are the kernels. We formulate the 
following conjecture: 

Conjecture. Any model of over Ok is a Kummer group scheme. 

Our aim is to give strong evidence for this statement. We remark that this conjecture is true, 
without assuming the discrete valuation ring complete with perfect residue field, in the case n < 2 
(for n = 1 see e.g. [WWj . discussion after Theorem 2.5, and for n = 2 see [To2]). In order to explain 
why we think it is true in general and what we actually do, let us first consider the category of 
finite flat models of \x v ™,k- Using scheme-theoretic closures, it is not hard to see that any morphism 
G — > G' between finite flat O^-group schemes factors as the composition G — » G/N — ► H G' of 
the quotient by a finite flat subgroup scheme, a morphism which is an isomorphism on the generic 
fibre (a so-called model map) and the closed immersion of a finite flat subgroup scheme. Models of 
(J-p n ,K are special because they have a unique (finite, flat) subgroup and quotient of a given order. 
Thus the category of models of {j, p ™,k may be completely described by the subcategory of groups 
with model maps as morphisms, which is just a partially ordered set ^), and the two families 
of functors Qi,Si : c € n ^- c €i given by the finite flat quotient of degree p n+1 ~'\ and the finite flat 
subgroup of degree for i e {1, . . . ,n + 1}. 

Now let us describe what we do. As we said, we take up and extend a construction of Sekiguchi 
and Suwa, and use it to produce models of fj, p n, the Kummer group schemes. These group schemes 
are parametrized by matrices with coefficients in the ring of Witt vectors W{Qk)- The choice of 
a uniformizer tt for Ok allows to single out a certain set ^ n of upper triangular matrices with an 
interesting structure: it is embedded in a bigger set of matrices endowed with a non-associative 
product, giving rise to a natural order >. This set has also operators U* and L l that take a matrix 
to its "upper left" and "lower right" square submatrices. 

Then, we study Breuil-Kisin modules of models of \i v ^-^k- They can be identified with u-integral 
lattices of the ring of Laurent series W n (k)((u)), where k is the residue field of K. The set Jz? n of 
lattices is ordered by inclusion and is endowed with functors Ki,Ii : Jz? n — > Jz^ given by the kernel 
and image of the endomorphisms p n+1 ~ l and p 1 ^ 1 of a given lattice. The lattices have unique 
distinguished systems of generators whose p-adic coefficients can be put together into an upper 
triangular matrix. In this way, we obtain a set & n of matrices with coefficients in k((u)), with a 
non-associative product very similar to that of ^ n and giving rise to a natural order >. This set 
also has functors IP and £\ 

Although not quite "isomorphic", the partially ordered sets (^ n , ^), (^# n , >) and (& n , >) with 
their pairs of functors have strong analogies. There are natural functors ^ n — > ^ —* ^ n given by 
mapping a matrix to the Kummer group scheme it defines, and then to the Breuil-Kisin module 
of that group. The second functor is an equivalence, constructed in [Kil] , The basic idea to prove 
the conjecture above is to compute the Breuil-Kisin modules of Kummer groups and check that all 
modules can be obtained in this way. Unfortunately, there is no direct way to compute Breuil-Kisin 
modules. However, computations for n = 2 (done by Caruso in [To2j Appendix A) and n = 3 (done 
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in the present article) show a surprising phenomenon: it seems that if we replace tt by u in the 
matrix of a Kummer group, we obtain the matrix of its Breuil-Kisin lattice. In fact, we set up a 
precise, nontrivial dictionary that indicates how to translate the congruences in a discrete valuation 
ring of characteristic on one side, into congruences in a discrete valuation ring of characteristic p 
on the other side. The reader may be inspired by a look at the tables in !8. 2. 61 (comparison for n = 2) 
and 18.3.51 (comparison for n = 3 under a simplifying assumption). She/he will see for her /himself 
how striking the correspondence is. However, we wish to say that writing the dictionary already 
for n = 3 in the general case seems challenging. 

Finally we observe that in particular we prove that Breuil-Kisin modules of models of /j, p n are 
classified by n (" 2 +1 ) parameters, as conjectured, in [GrChj and [ChUn| . more generally for all models 
of a fixed group scheme of order p n . Moreover the Kummer group schemes we constructed form a 
family with exactly this number of parameters. 

1.3. Summary of contents. Here is a short overview of the contents of the article; each section 
starts with a more detailed introduction. The article is divided in two parts written to be readable 
independently (to a reasonable extent). The first part ( § is devoted to Breuil-Kisin Theory 
over a complete discrete valuation ring with perfect residue field. We apply that theory in order to 
parametrize the models of fj, p n in terms of Breuil-Kisin modules ($3). Then we explain the algebraic 
structure (called a loop) of a certain set of matrices ($3]) allowing us to rewrite Breuil-Kisin modules 
in matricial terms (§!]). The main result of this first part is Theorem 14.2.21 which is a computable 
interpretation of Breuil-Kisin Theory ( §4.2|) . The second part (§3ME|) is devoted to Sekiguchi-Suwa 
Theory over a general discrete valuation ring of unequal characteristics. We recall the construction 
of filtered group schemes and formalize it in matricial terms ($6]). Then we describe the conditions 
for certain model maps of filtered group schemes to be isogenies, whose kernels are by definition the 
Kummer group schemes (33). Finally we proceed with the explicit computation of models of (i p 3 
(3H|) with a comparison of the congruences coming from Breuil-Kisin Theory and Sekiguchi-Suwa 
Theory (|5TB1 an IQ3D . 

1.4. Acknowledgements. We thank Xavier Caruso, Marco Garuti, Noriyuki Suwa and Angelo 
Vistoli for interesting conversations related to this article. We are also grateful to Christophe Breuil 
for valuable comments on the genesis of the classification of finite flat group schemes and to Lindsay 
Childs who kindly sent us a version of the paper [GrCh] . We thank the referee for his careful reading 
which allowed to correct several inaccuracies. The first and second authors especially enjoyed a stay 
in the Scuola Normale Superiore di Pisa where part of this work was done. The third author had 
fruitful stays at the MPIM in Bonn, at the IHES in Bures-sur-Yvette, and spent some time in Paris 
to work on this project invited by the University Paris 6, the University of Versailles Saint-Quentin 
and the IHP, during the Galois Trimester. The three authors also spent a very nice week in the 
CIRM in Luminy. We thank all these institutions for their support and hospitality. 

2 Breuil-Kisin modules and ^-lattices 

In this section, we recall the description due to Breuil and Kisin of the category of finite flat group 
schemes (understood commutative, of p-power order) in terms of modules with Frobenius. Then, 
we specialize to the subcategory of models of the group scheme fj, p n of roots of unity. 

We fix the following notations. Let k be a perfect field of characteristic p, W = W{k) the 
ring of Witt vectors with coefficients in k, and 6 = W[[it]]. We write W n = W n {k) the ring 
of Witt vectors of length n and <5 n = W n [[it]]. The rings S and <5 n are endowed with a ring 
endomorphism (f> which is continuous for the u-adic topology, defined as the usual Frobenius on 
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W n (k) and by <p(u) = u p . Let Kq be the fraction field of W(k), let K/Kq be a totally ramified 
extension of degree e and Ok its ring of integers. We fix a uniformizer n of K and denote by E{u) 
its minimal polynomial over Kq and v the p-adic valuation with v(ir) = 1. We always use the 
phrase /mite /iat group scheme as a shortcut for commutative finite flat group scheme of p-power 
order. We denote by (Gr/O^) the corresponding category. 

2.1 Breuil-Kisin modules of finite flat group schemes 

2.1.1 The Breuil-Kisin Theorem. In recent papers, Breuil and Kisin have proven a classifi- 
cation theorem for finite flat O^-group schemes, in terms of the category (Mod /&) described as 
follows: 

• the objects of (Mod/6) are the finitely generated ©-modules £DT of projective dimension 1, 
killed by some power of p, and endowed with a </>-semilinear map (ft<j]\ : 9Jt — »• 9Jt such that 
E(u)Wl is contained in the ©-module generated by 0gjt(9Jt). 

• the morphisms in (Mod /©) are the ©-linear maps compatible with <j>. 

For any 9Jt £ (Mod /©), the map (pyx is called the Frobenius and most often written simply <fi. Note 
that to cj) is associated a linear map </>*97t — > Tl, where 0*9Jt := 9tt®e,0 ©• The classification of 
Breuil and Kisin is the following: 

2.1.2 Theorem. There is a contravariant exact equivalence of categories (Gr/Ox) —* (Mod/6). 

One may compose with Cartier duality to get a covariant equivalence, and in this paper this is 
what we will do. 

The category (Mod/6) was introduced in |Brl| . To be more precise, Breuil required moreover 
that the underlying 6-module of an object (Mod/6) should be a finite direct sum of modules 
&/p ni &. He conjectured the existence of an equivalence between (Mod/6) and the category of 
finite flat group schemes whose p m -kernels are finite flat for all m, and he proved the conjecture for 
group schemes killed by p, when p > 2. After that, Kisin realized that arbitrary finite flat group 
schemes could be taken into account by requiring the underlying modules merely to have projective 
dimension 1, and he proceeded to prove the conjecture in general (see [Kilj . Thm 0.5) for p > 2. 
Later Lau |Lau| and Liu [Li] independently proved that the statement also holds for p = 2, which 
in fact was the original motivation of the note of Breuil [Brl]. 

For the convenience of the reader, here is a very rough sketch of how the equivalence of the 
theorem works. Let S denote the p-adic completion of the divided power envelope of W[u] with 
respect to the ideal generated by E{u). There is a natural inclusion 6 — » S but one has to 
notice that the ring S is much more complicated than 6. Breuil introduces a category (Mod/5) 
whose objects are S-modules with a 1-step filtration and a semi-linear Frobenius. On the syntomic 
site of the formal scheme Spf(O^), all finite flat group schemes define abelian sheaves. Breuil 
constructs another abelian sheaf 0™^- This sheaf plays the role of a sort of dualizing object: 
Breuil shows that there is a contravariant equivalence {Gt/Ok) — * (Mod/S 1 ) that takes a group 
scheme G to the module Hom(G, 0™%), with a quasi-inverse that takes a module M to the group 
scheme that represents the syntomic sheaf X >—> Hom(M, 0™^.(£)). Now there is a covariant functor 
(Mod /6) — * (Mod /S) given by tensoring with the map 4> : 6 — > S. Kisin proves that for any M £ 
(Mod/S) there is a unique sub-6-module Wl a M such that E(u)Tl a (</>(27t)) a Wl. Moreover we 
can recover M from this submodule in the sense that M ~ 9Jt®6,<^ S so that (Mod /6) — > (Mod/S*) 
is an equivalence. 
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2.1.3 Group schemes killed by p n . The modules killed by p n correspond to the group schemes 
killed by p n . We will use a somewhat different description of the full subcategory of (Mod/S) of 
modules killed by p n , based on the following lemma. 

2.1.4 Lemma. Let OJt be an & -module endowed with a (p-semilinear map <f) : £DT — ► £Dt such that 
coker(<^*9Jt — > 9JT) is killed by E{u). Assume that OJt is killed by p n . Then OJt is an ©-module of 
projective dimension 1 if and only ifTlisa finite & n -module without u-torsion. 

Proof: It follows from [Kilj . Lemma 2.3.2 that OJt has projective dimension 1 if and only if it is an 
iterated extension of finite free S/p6-modules. By induction, it is immediate that this is equivalent 
to the fact that Wl is a finite ©^-module without u-torsion. □ 

Therefore, the full subcategory of (Mod /&) of modules killed by p n is the category (Mod /©)„ 
defined as follows: 

• the objects of (Mod /&) n are the finite (3 n -modules OJT with no u-torsion endowed with a 
(/>-semilinear map : 2JT — > 9Jt such that coker — > 9Jt) is killed by E{u). 

• the morphisms in (Mod /&) n are the S n -linear maps compatible with <j). 
We now record some basic facts concerning (Mod /&) n . 

2.1.5 Lemma. For any object 9JT of (Mod/6) n the map cff^Si — > 9Jt is injective. 

Proof: This is (Ki2j, Lemma 1.1.9. □ 

2.1.6 Lemma. The category (Mod/(3) n has kernels, cokernels, images and coimages. Kernels 
and images are given as the kernels and images in the category of <5 -modules. 

Proof: Let us prove first that (Mod /&) n has kernels and images. For a morphism / : 971 — > 01, let 
& and 3 be the kernel and the image in the category of 6 n -modules. It is easy to see that R and 
3 are finite (3 n -modules, stable under <j>, with no u-torsion. Also note that the map /' := 4>* f : 
(f)*$Jl —* cj)*yi has kernel 4>*& (since (ft is flat) and image 4>*3. The main point is to see that E(u) 
kills the cokernels of the maps — > ^ and <f>*3 — > 3. We start with the kernel. For any x e ^ 
we have x e STJt and since the cokernel of 4>*9Jl — > 9Jt is killed by E{u) there exists y £ SOT' such 
that E{u)x = (f)(y). Then f'{y) maps to in 01 and hence is in </>*9T. It follows that y e 
as desired. We come to the image. Let x e 3 so that x = f{y) for some y e CR. Then there exists 
z e 0*01 such that E{u)y = <j)(z). Therefore E(u)x = 4>(f'(z)) with f'(z) e <j)*3, as desired. 

By Theorem l2.1.21 there is on (Mod /©) ra a contravariant exact involutive equivalence given by 
Cartier duality. It follows that (Mod /6) n has cokernels and coimages. □ 

2.1.7 Remark. In general, for a morphism / : *Ut — > 01 the objects coker(ker(/)) and ker(coker(/)) 
are not isomorphic. In the category (Mod /S) ra this is not so easy to see, because we have not 
worked out the description of cokernels. Things are a little easier in the category of finite flat group 
schemes. There, the kernel of a map u : G — > H is the scheme-theoretic closure of the kernel of 
the generic fibre uk '■ Gk —* Hk inside G, and the cokernel is the Cartier dual of the kernel of the 
dual of u. For example, if R contains a primitive p-th root of unity and u : (Z/pZ)# — > fi Pt R is an 
isomorphism on the generic fibre, then ker(u) = coker (u) = even though u is not an isomorphism. 



6 



2.2 Lattices of W n {{u)) 

We shall see in 12.31 that the Breuil-Kisin modules of models of \i v n can be identified with lattices 
in the VK n [[u]]-module W n ((u)). For this reason, it is useful to collect some basic facts on these 
lattices; knowing their generating systems will be particularly important in Section SJ Since the 
lattices we are interested in are Breuil-Kisin modules, for simplicity we keep the letters 9JT, (etc.) 
to denote them. 

2.2.1 Definition. A lattice Wl is a finitely generated sub-WnffuJJ-module of W n ((u)) such that 
5DT[l/ii] = W n ((u)). We denote by Jz? n the partially ordered set of lattices with inclusions between 
them. If a lattice Wl is contained in W n [[tt]], we say that it is positive and we write Wl > 0. 

Note that it is simpler here not to follow british mathematical usage, so we say positive instead 
of non-negative. 

For any two lattices Wl, 91, there exists a e N such that u a< Jt a Wl. We define the volume ( or 
index) ofWl with respect to as 

where lg denotes the length as a VF n [|/u]]-module. Using the fact that lg^/u *}!) = na, one sees 
that the definition is indeed independent of a. Although our base ring is not a Dedekind ring, this 
is the analogue of the symbol x{Wl,yi) of [Fa], def. 5 and [Sej, chap. Ill, no. 1. The volume (or 
index) ofWl is defined by vol(SDt) = vol(SW, W n [[«]]), and we have vol(9Jt,0T) = vol(9Jl)/vol(0l). 

2.2.2 Kernels and images of p. For any lattice Wl and any integer i with + we 
define Wl[i] = ker(p n+1 - 1 : SPT — Wl) and SPT(i) = im(p i_1 : Wl — 071). We have Wl(i) c WX[i] and 
these submodules fit into compatible decreasing filtrations: 

Wl = Wl[l] 2 ... 2 £Dt[n] 2 93t[n + 1] = 

u u u 

371 = 971(1) 2 ... 3 gjl(„) 3 gjt(n+l) = 0. 

For any two submodules 9T, 9T' of W n ((it)) ; consider the ideal 

(OX : OT') = {x e W n [M] , atf? <= 01}. 
Let l^i^j^n + lhe integers. One can see easily, by inverting u, that 

(wi[j] : wx[i\) = (wi(j) : 3K(»)) = ^WntH]. 

Besides, since 971 has no u-torsion then 9Jl[i] n 9Jt[j'][l/u] = Wl[j] and the map 

OTH/sorC?-] -^m[{\[i/u]/m\j][i/u] 

is injective. Since 3Jt[iI[l/«] = p <_1 W„((iO) and p i - 1 PF n ((M))/^'- 1 W / " ri ((u)) = this 
proves that 9JT[i]/93T[j] is canonically a lattice of Wj-i((u)). Exactly the same arguments show 
that Wl{i) /Wl{j) is canonically a lattice of Wj-i((u)). In particular, for j = n + 1 this says that 
Wl[i] and SDT(i) are lattices of W n +i_j ((«)). 

2.2.3 Generating sets. For each x e k, let [x] 6 W(/e) be its Teichmiiller representative (see 13.11 
for a reminder on this notion). The map x >—* [x] is the unique multiplicative section of the 
projection onto the residue field. If e±, . . . , e n is a set of generators for Wl, then we will call T- 
combination a linear combination t\e\ + • • • + t n e n where t±, . . . , t n are Teichmiiller representatives. 
In the following result, and in other places of the paper, we use the same letter for the valuation 
of a discrete valuation ring and for the induced function on its artinian quotients. 
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2.2.4 Lemma. Let 9)1 be a lattice ofW n ((u)) and let e\,...,e n be a system of generators. Let v p 
denote the p-adic valuation on W n . Then the following conditions are equivalent: 

(1) For 1 < i < n, we have v p {e.j) = i — 1 and pei e (e»+i, . . . , e n ). 

(2) For 1 < i < n, we have 971 [i] = (ej, . . . , e n ). 

(3) For 1 ^ i ^ n ; we /mue v p {ei) = i — 1 and eac/i element x e 971 can 6e written in a unique way 
as a T -combination x = \x{\e\ + • • • + [x n ]e n with xi e fc[[u]]. 

Proof: (1) => (2). Set 9^ = (ej, ...,e„). It is obvious that 9Tj cz 9Jl[i], so we only prove the 
opposite inclusion. Since v p (ei) = i — 1, we have OT^l/it] = p Wn((^))- Let x e 97t[i] and write 

/ . . / 

X X^e^ T ' ' ' 1 X Yi&n 

for some coefficients x\ e W n [[u]]. The fact that pei e 9Tj + i implies that this linear combination 
may be transformed into a T-combination x = [xi]ei + • • • + [x n ]e n . If x there exists v minimal 
such that x v # 0. Then the assumption that x e 97l[«] gives [x u ]e u e 97t[i] + 9T^ + i. After tensoring 
with W n {{uj) we obtain 

p v - l W n {{u)) ^p*- l W n {{u)) +p»W n ((u)) =p^- l ^W n {{u)) 

hence v ^ i, so that x e 9Tj. 

(2) (3). From 97T[i][l/u] = p l ~ 1 W n ((u)) we deduce by decreasing induction on i that v p (ei) = 
i — Now fix x e 97T. Since p97t[i] cz 971 [i + 1], we have pei e (e^+i, . . . , e n ) for all i. Using this, we 
may as above write x as a T-combination x = [xi]ei + • • • + [x n ]e n with Xj e /c[[u]]. Moreover, if 
[xi]ei + • • • + [x n ]e n = [x'jjei + • • • + [x' n ]e n are two expressions for x, then ([xi] — [x' 1 ])ei e 97t[2]. 
From the fact that (97t[2] : 97T[1]) = pW n [M] h follows that [xi] - [x[] e pW n+1 [[u]] and hence 
xi — x\ = 0. By induction we get similarly Xj = x[ for all i. 

(3) => (1). Since v p (ei) = i — 1, the p-valuation of a nonzero element [xi]ei + • • • + [x n ]e n is equal 
to v — 1 where v is the least integer such that x v =^ 0. For x = pei we find v = i + 1, so that 
pej £ <e i+ i, . . . ,e n >. □ 



2.2.5 Definition. A set of generators e\, . . . , e n of a lattice 971 satisfying the equivalent conditions 
of Lemma f2. 2. 41 is called a Teichmiiller basis, or a T -basis for short. 

2.2.6 Remark. Let ei, . . . , e n be a T-basis of 97t and for each i, let Zj be the u-adic valuation of 
the class of e$ in 97t[«]/97t[i + 1] which is a lattice of Then, we have l\ ^ Z2 ^ • • • ^ ^n- 
Indeed, by the definition of U, we have ej = ctip 1 ^ 1 mod p* with val u (aj) = l. L . Therefore pei = cmp 1 
mod p 1+1 and ej+i = a^ip 1 mod p* +1 . Since pei e (ej+i, . . . , e n ), it follows at once that k 5 s h+i- 

2.2.7 Proposition. Let VJt be a lattice of W n {{u)). Then there exists a unique T-basis e\,...,e n 
of the form: 

d = «V _1 + [Hi+i]p i + [ai, i+ 2]p i+1 + ■■■ + [ainlp^ 1 

where aij £ k\u,u~ l ] is such that deg n (aij) < lj for all i,j. Moreover, we have l\ ^ I2 ^ . . . ^ l n - 
Finally 97t is positive if and only if l n ^ and a^- e k[u] for all 
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Proof: Existence: we construct the ej by decreasing induction on i, starting from i = n. The 
module S0T[n] is isomorphic via a canonical isomorphism to a lattice of W\{{u)) = k((u)), hence 
generated by u ln for a unique l n e Z. The preimage via this isomorphism of this generator is 
e n = u ln p n ^ 1 . For i < n, assume by induction that ej+i,...,e n have been constructed. The 
module 9JT[z]/9Jt[i + 1] is again canonically a lattice of k((u)), generated by u li for a unique k e Z. 
Since 9Jl[i] a p l W n ((u)), a lift in 9Jt[i] of this generator may be written in the form 

d = uV _1 + [a i ,i+i]p i + [a it i +2 ]p i+1 + ■■■ + [a in ]p n ~ l 

for some Laurent series dij e k((u)). Now write a^i+i = a' ii+1 + u li+1 a'^ i+1 where a' ii+1 e /c[u,n _1 ] 
is the truncation of a^j+i in degrees 5= Zj+i- Replacing by e, — [a-' i+1 ]ej + i, and rewriting the 
p-adic expansion of the tail ej — W{ i+1 ]p q '', we can fulfill the condition deg^a^j+i) < h+i- Applying 
the same process to a% t i+ a for s = 1, . . . , n — i we can fulfill the conditions deg u (ajj) < lj for all j. 
This finishes the construction of ei, and by induction, of e\, . . . , e n . The elements e.% are such that 
9Jt[i] = (ej, . . . , e n ) by construction. 

Uniqueness: the choice of the generator of 97t[i]/37t[i+l] in the previous induction is normalized 
by the fact that we are looking for generators ej with leading coefficients u^p* - 1 . The choice of 
the remaining coefficients of ej is imposed by the condition on the degrees. This proves that the 
system ei, . . . ,e n is unique. Finally the inequalities between the U are given by Remark 12.2.61 and 
the statement about positivity is obvious. □ 

2.2.8 Definition. The T-basis of Lemma 12.2.71 is called the distinguished basis of 9It. 

2.2.9 Remark. Let 93T be a lattice with distinguished basis e±,...,e n . Then there exist series 
bij e &[[«]] and a set of equalities 

Ri : pet = [bu] e i+1 H h [bi >n -i] e n 

for 1 < i < n. It can be proven that in fact 

( ei, . . . , e n | . . . ,Rn ) 

is a presentation by generators and relations of 9Jt as a W n [[u]] -module. We will not need this. 

2.3 Breuil-Kisin modules of models of /j, p n K 

We finally specialize to our main object of interest, namely, the finite flat models of \i v ™,k- 

2.3.1 Models and /i-lattices. The natural morphisms between models are the model maps, 
which are by definition morphisms of i?-group schemes inducing an isomorphism on the generic 
fibre. Let us see how the category of models of Hpn t K with model maps can be described concretely 
in terms of Breuil-Kisin modules. 

Let K be an algebraic closure of K. For any two finite flat group schemes G, G' with associated 
Breuil-Kisin modules 9Jl,Wl', we have: 

Gk * G' K ^ G(K) =s G'(K) ^ SDt[l/u] =s DJl'[l/u] 

where G{K) and G'{K) are viewed as representations of the absolute Galois group Gsl(K/K). The 
first equivalence is clear, let us explain briefly the second. If we introduce the Kummer extension 
Kao = u n ^o K{ p ^/tt), then a result of Fontaine says that the module 9H[l/u] determines the 
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Gal(-Ky.Koo)-representation associated to G (see [Foj . Remark A. 3.4.1). By a result of Breuil ([Br2], 
Theorem 3.4.3), this representation in turn determines the crystalline Gal(i^/-?T)-representation 
G(K). 

Recall that we are using the covariant equivalence (Gr/0#) — * (Mod/©) given by 12.1.21 and 
Cartier duality. Thus the ©-module associated to the group scheme /i p «,fl is 271 = 6 n with its usual 
Frobenius. From this, we deduce that 97t is the module associated to a model of if and only 

if 271[l/u] is isomorphic to <5 n [l/u] = W n (k)((u)) with its Frobenius. Since 271 has no u-torsion, we 
may then see it as a submodule of W n {k){(u)). As far as the morphisms are concerned, the model 
maps correspond to inclusions between submodules of W n {k){{u)). We are lead to the following 
notions. 

2.3.2 Definitions. A fi-lattice is a lattice 271 a W n {(u)) such that E(u)Wl <= <0(271)> <= 271, 
where <f> is the Frobenius of W n ((u)). We denote by £££ the partially ordered set of //-lattices with 
inclusions between them. 

The letter '//' reminds us of fi p n. Note that since a //-lattice 271 is stable under Frobenius, it 
is positive, for otherwise there would exist an element x £ 27T with negative u-valuation and then 
the valuation of (f) n {x) would tend to — oo, in contradiction with the finite generation of 27T. What 
has been said before means that the Breuil-Kisin classification gives an equivalence of categories 
between and the category of models of fj, p n with model maps. 

2.3.3 Kernels and images of p. Let G be a model of fi p n k- For 1 < i < n + 1, define: 

• G[i] the scheme-theoretic closure of ker(p n+1 ~* : Gk — * Gk) in G, 

• G(i) the scheme-theoretic closure of im^*" 1 : Gk —> Gk) in G. 

These are finite flat models of fj, p n+i-%. By definition, there are exact sequences: 

^ G[n+2-i] G * G{i) 

G[t\ — >■ G > G{n + 2-i) > 

On the generic fibre, the vertical map p % ~ 1 : G — ► G vanishes on G[n + 2 — i] and its image is a 
subscheme of G[i]. By taking closures, the same is true everywhere. Therefore, this map induces 
a morphism of i?-group schemes G(i) — ► G[i] which is a model map. 

Let 27T be the //-lattice associated to G. Starting from the exact sequences above and using the 
fact that the Breuil-Kisin equivalence is exact, we see that 27T[z] is the //-lattice of G[i] and 27t(i) 
is the //-lattice of G{i). Moreover, the inclusion SJl(i) a 27T[i] and the model map G(i) — * G[i] 
correspond to each other. 

3 The loop of ^-matrices 

In 12.21 we have seen that lattices have "nice" systems of generators. The p-adic coefficients of such 
systems of generators may be put together into "nice" matrices, called //-matrices. We will come 
back to this in more detail in Section |U In the present section, we focus on the abstract algebra 
of the set of //-matrices. This set has a natural operation (A, B) >—> A* B whose meaning is that if 
i : 271 — > 21 is an inclusion of lattices, if A is a matrix associated with a generating system of 271 and 
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if B is a matrix associated with the inclusion i, then A * B is a matrix associated with a generating 
system of 9T. The operation * is unfortunately neither associative nor commutative. Still, a good 
surprise is that /x-matrices all lie naturally in a set where the operation * becomes invertible on the 
left and on the right; this set plays the same role as the symmetrization of a commutative monoid. 
The structure that we obtain, called a loop, was considered by Manin [Ma| in his study of rational 
points on cubic hypersurfaces, essentially because the analogue of the addition of elliptic curves in 
higher dimensions fails to be associative. 

The key to everything in this section is the use of p-adic expansions, which exist as soon as the 
coefficient ring of the Witt vectors is a perfect ring of characteristic p. Thus we fix such a perfect 
ring throughout Section O For simplicity we denote it by the letter k, but note that it need not be 
a field. As before, we set W = W(k) and W n = W n {k). 

Finally we point out that the role of Witt vectors will be very different in Sections [6] to [HJ where 
we will consider arbitrary Z( p )-algebras as coefficient rings. We will emphasize this in due time. 

3.1 p-adic expansions 

3.1.1 p-adic expansions of Witt vectors. Recall that the ring structure of W is given by uni- 
versal polynomials with coefficients in Z in countably many variables Xq, Xi,X 2 , ■ ■ ■ For example, 
there are polynomials Si = Si(Xo, . . . ,X{) and Pi = Pi(Xo, . . . ,Xi), for i ^ 0, giving the addition 
and the multiplication of two vectors a = (ao, oi, 02, . . . ) and b = (bo, b±, b 2 , • • • ) by the rules: 

a + b = (S (a,b), Si (a, 6), S 2 (a,b), ...), 
ab = (P (a,b),P 1 (a,b),P 2 (a,b),...). 

Moreover, since k is perfect all elements have p-adic expansions: 

a = (00,01,02, • • • ) = [00] + [<h /p ]p + [a2 P ]p 2 + ... 

where [x] := (x, 0, 0, . . . ) is the Teichmiiller lift of x e k. Hence the functions §j and defined by 
Si(a,b) := Sifab) 1 /'* and Pi(o,6) := P;(o,6) 1 /P i satisfy 

a + b= [So(a,6)] + [Si (a, b)]p + [S 2 (a, b)]p 2 + . . . , 
ab = [P (a, b)] + [Pi (a, b)] p + [P 2 (a, b)]p 2 + ... 

In fact, we can define functions Sj and Pj in any number r of variables by the identities 

01 H \-a r = [S (ai, . . . ,a r )] + [Si(oi, . . . ,a r )]p+ [S 2 (ai, . . . ,a r )]p 2 + 

ai...a r = [P (ai, . . . ,a r )] + [Pi(ai, . . . ,a r )]p+ [P 2 (ai, . . . ,a r )]p 2 + ... 

3.1.2 p-adic expansions of series. We wish to extend the formalism of p-adic expansions to the 
ring of Laurent series W((u)). For this, we extend the definition of Teichmiiller lifts to elements 
x e k((u)) as follows: if x = Xij»-oo x j u ^ with Xj e k, we set 

[x] = J] [Xj] V? . 

j»-cc 

Then it is easy to see that for a Laurent series a = Xjj»-oo a j uJ m W((u)), by writing down p-adic 
expansions of its coefficients one obtains a p-adic expansion 

a = [ao] + [ai] p + [a 2 ] p 2 + . . . 
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Let a = 2j»-oo a j u3 ano - b = 2jj»-oq ^j nJf be Laurent series with coefficients in W. We extend the 
definition of §j by setting 

§i(a,b) = ^ Si(aj,bj)u j = I ^ Si(aj,bj)u jpl 

j» — oc oo 

and one verifies immediately that the formula a + b = 2i>o[^i( a > b)] P % remains valid. Similarly, 
one extends the definition of §j(ai, . . . ,a r ) for Laurent series a s e W{{u)) in an obvious way. We 
now come to products. There are functions Pj such that for any r Laurent series a s = Xli»-oo a s,i ul 
with coefficients in W we have 

a\ ...a r = [P (ai, . . . ,a r )] + [Pi(ai, . . • ,a r )]p+ [P 2 (ai, . . • ,a r )]p 2 + ... 

It is a simple exercise to verify that 

Pi(ai, . . . , Or) = 2j §*(■ • • , • • • a r,j r , ...)«* 

where the arguments of Sj are all the finitely many possible products aij 1 ■ ■ ■ a r j r indexed by r- 
tuples (Ji, . . . ,j r ) such that j\ + ■ ■ ■ + j r = j- For example, if a and b are power series (i.e. Laurent 
series with nonnegative n-valuation) we have: 

Pi(o,6) = ^] Si(a bj , . . . , ajb ) u j . 

j 

3.1.3 A warning on the use of Si and Pj. In the sequel, we will most often use Sj and Pj for 
Teichmiiller elements en = \xi\- I n this case, we will usually write Sj(xi, . . . , x r ) and Pj(xi, . . . , x r ) 
instead of §j([xi], . . . , [x T ]) and Pj([xi], . . . , [x r ]). This is not dangerous, but for x,y e k((u)) one 
must be careful to distinguish between the sum x + y in k((u)) and the sum [x] + [y] of their 
Teichmiiller representatives in W((u)). For example, the associativity of the sum of Witt vectors 
gives for any elements a,b,ce W((u)) the formula §i(a, b, c) = Si (a + b, c), and here the sum a + b 
takes place in W{{u)). The reader is invited to compare with formula 13.1.41( 1) below. Among the 
many formulas relating the Sj and the Pj , most of them coming from associativity and distributivity 
of the sum and product of Witt vectors, we give a few examples: 

3.1.4 Lemma. Let a, b, c e k((u)) and let val denote the u-valuation. We have: 

(1) Si(o,6,c) = Si(o,6) + Si(a + 6,c). 

(2) Si(o,6-o) = Si(a,-6). 

(3) val (Sj(a, 6)) ^ max(val(a), val(h)) for all i 5= 1. 

(4) [a] [b] = [ab] if a or b is a monomial. 

Note that the multiplicativity formula [a] [b] = [ab] for a, 6 e k does not hold in full generality 
if a, b e k((u)). 

Proof: (1) This comes from the associativity of the sum of Witt vectors. 

(2) It is enough to prove that Si (a, b — a) = Si (a, —b). This can be proven over Z, where it follows 
from the formula S\(x, y) = ^{x p + y p — (x + y) p ). 

(3) This comes from the fact that if we write a = ^ajU J and b = ^bju 1 , then §i(a,j,bj) = as 
soon as aj = or bj = 0. 

(4) This is clear. □ 
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3.1.5 p-adic expansions of vectors and matrices. For the computations inside lattices, we 
will use the notations of linear algebra. The vectors are all column vectors. If A is a rectangular 
matrix with entries aij in k{{u)) (for example A could be a column vector), we will denote by 
[^4] the matrix whose entries are the Teichmuller representatives [a^]. Thus the entries of [A] are 
(possibly truncated) Witt vectors. We may as above consider p-adic expansions of matrices with 
entries in W((u)), but we will have no need for this. For us, the most important vector will be 

I 1 \ 

P 

P = p 2 

V '■■ J 

which for convenience may denote a vector with finitely, or infinitely many, coefficients. Thus if 
x e W n ((u)) n is a vector with components x±, . . . , x n we have: 

t xp* = x\ + X2P + • • • + x n p n ~ l . 

If the Xi are Teichmuller representatives, then this linear combination is called a T -combination. 
Of course, any linear combination can be transformed into a T-combination: 

3.1.6 Lemma. For any rectangular matrix A with entries in W n {{u)) with n columns, there is a 
unique matrix p(A) of the same size with entries in k((u)) such that 

Ap* = \p(A)]p* . 

If the entries of A are power series in u, or Laurent polynomials, or polynomials, then so are the 
entries of p(A). If A is upper triangular (resp. with Teichmuller diagonal entries), then so is p(A). 

Proof: The equality Ap* = [p(A)]p* is equivalent to finitely many equalities, one for each line of 
A. Thus it is enough to consider the case where A has only one line A = (oi . . . a n ). Write the 
p-adic expansion 

oi + a 2 p + ■ ■ ■ + anp 11 - 1 = [oi] + [o' 2 ] p + ■ ■ ■ + [a' n ] p"" 1 . 
Obviously the desired matrix is p(A) = (a' : . . . a' n ). The remaining assertions are clear. □ 

There is an algorithmic point of view on the computation of p{A) that will be useful. In order 
to explain this, for a coefficient in position in an upper triangular square matrix, let us call 
the difference j — i the distance to the diagonal. 

3.1.7 Lemma. Let <£ be the set of upper triangular square matrices of size n with entries in 
W{{u)) with Teichmuller diagonal entries. Define a function F : <§ — > $ as follows. Given a 
matrix A, for i = 1 to n apply the following rule to the i-th line: 

• Find the first non- Teichmuller coefficient a^. 

• Write the truncated p-adic expansion ai jU p u ^ 1 = \a[ L ,]p u l + ■ ■ ■ + Y a 'in\P n ~ l m °d p" '■ 

• Replace by [a' iu ] and for j > i replace aij by + ■ 

After the step i = n has been completed, call the result F(A). Then, for all k ^ we have: 
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• the coefficients with distance to the diagonal sC k of the matrix F k (A) are Teichmiiller, where 
F k is the k-th iterarate of F. 

• F k (A)p* = Ap*. 

In particular F n ~ 1 (A) = p(A). 

Proof: This is obvious. □ 



3.2 The loop of /i-matrices 

3.2.1 Quasigroups and loops. We start with some definitions from quasigroup theory, referring 
to the book of Smith [Sm| for more details. A magma is a set X endowed with a binary operation 
X x X ^> X , (x,y) ^> xy usually called multiplication. A submagma is a subset Y a X that is closed 
under multiplication. A quasigroup is a magma where left and right division are always possible, in 
the sense that left multiplications L x and right multiplications R y are bijections. Given x,y e X, 
the unique element a such that ax = y is denoted y/x (read "y over x") and the unique element b 
such that xb = y is denoted x\y (read "x into y"). A loop (boucle in French, and... loop in Italian) 
is a quasigroup with an identity element, i.e. an element eel such that ex = xe = x for all x e X. 
Thus a loop is a group if and only if the operation is associative. A magma homomorphism is a 
map / : X — > X' such that f(xix 2 ) = f{xi)f{x2) for all x\,x 2 £ X. Quasigroup homomorphisms 
and loop homomorphisms are just magma homomorphisms. 

3.2.2 The loop £f n ((u)). In Section IH to lattices of W n {{u)) we will attach matrices. The matrices 
coming in this way appear naturally as objects in a certain loop which we call the loop of p-matrices 
and denote by 5f n ((u)). As a set, it is composed of the upper triangular matrices of the form 



/ u h a 12 ai 3 ... ai n \ 

u h a 23 a 2n 



M(l,a) 



11 n 1 ttn— l,n 



i 

\ o u ln J 



with I = {h,...,l n ) e ^ n and a = [aij)i^i<j^ n where ay e k((u)). There is a natural subset 
Wnlu,^ 1 ] composed of matrices with coefficients in k[u, n" 1 ]. In order to keep the notation light, 
we do not specify the coefficient ring k in the symbols & n ((u)) and 5f n [it, u -1 ]. Note also that as a 
general rule, we write a^j instead of a^ j : unless this can disturb comprehension, for example when 
we write a nPjn . 

If A, B are square matrices with entries in k((u)), we set A* B = p([A][B]) where p is the map 
from Lemma 13.1.61 This matrix is characterized by the equality: 

[A][B]p* = [A*B]p* . 

By Lemma 13.1.61 if A, B are in W n ((u)) resp. in ^ n [u,u _1 ], then A* B also. It is clear that the 
identity matrix is a neutral element for this multiplication. Thus the triple (5f n ((u)), *, Id) is a 
magma with identity, and {& n [u, *, Id) is a submagma. At this point, the reader may wish to 
have a look at the shape of the multiplication * in the examples of 13.31 below. 

We will now prove that (£f n ((it)), *,Id) is a loop. 
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3.2.3 Proposition. Let A = M(l, a) and B = M(m, b) be elements of@ n ((u)). 

(1) Any coefficient in position of A* B with distance to the diagonal j — % > 1 has the form: 

mj i t i ( terms depending on coefficients ayy and b^ji 

13 13 \ whose distance to the diagonal is j' — i' < j — i 

(2) The maps La . B ^> A* B and Rb '■ A >-* A* B are bijections. 
Thus, the triple (Sf n ((u)), *, Id) is a loop. 

Proof: (1) The entry of L4]LB] in position is 

u k [bij]+ ( [ a ik][hj] \ +[aij]u m i . 
\k=i+l ) 

The coefficients [an-] and [bkj] in the middle sum have distance to the diagonal strictly less than 
j — i. When applying the algorithm of Lemma [3. 1.71 to compute A* B, at each step the entry (i, j) 
is replaced by itself plus some terms involving coefficients a s t and b s t of distance to the diagonal 
t — s < j — i. This proves the claim. 

(2) The argument is the same for La and Rb so we do only the case of La- Assume that A*B = C 
with A = M(l, a), B = M(m, b), C = M(n, c). We fix A and C and try to solve for B. We 
determine its entries by increasing induction on the distance to the diagonal, called k. For k = it is 
clear that we have rrii = rii—li- By induction, using point (1), it follows directly that the coefficients 
bij of distance to the diagonal k are determined by the entries of A, C and the coefficients of 
lower distance to the diagonal. □ 



3.2.4 Some subloops. The homomorphisms U and L. There are some important examples 
of subloops and loop homomorphisms. Of course ^ n [ii,u _1 ] is a subloop of & n ({u)). Another 
example is the subloop of matrices with diagonal entries equal to 1. This is in fact the kernel of 
the morphism of loops if : & n ((u)) — > Z n to the additive group 7L n that maps A to the tuple of its 
diagonal exponents. 

For any square matrix A of size n with entries in some ring, we denote by UA the upper left 
square submatrix of size n — 1, i.e. the matrix obtained by deleting the last row and the last 
column of A. Similarly we denote by LA the lower right square submatrix of size n — 1, obtained 
by deleting the first row and the first column of A. 

3.2.5 Lemma. The mappings U : 5f n ((u)) — > Sf n _i((it)) and L : & n ((u)) —* are com- 
muting loop homomorphisms. 

Proof: Let t\i be the truncation map that takes a vector v with n components to the vector 
whose components are the first n — 1 components of v. Thus Tup* is the vector analogous to p* in 
dimension one less. Then simple matrix formulas yield: 

[U(A * B)] t uP * = (U[A * B]) t uP * = t u ([A * B]p*) = t u ([A][B] p *) 

= U[A] ■ U[B] tup* = [UA][UB] tup* = [UA * UB] t u p* . 

It follows that U(A * B) = UA * UB, that is, U is a loop homomorphism. 
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Let T£ be the truncation taking a vector v with n components to the vector whose components 
are the last n — 1 components of v. Thus r^p* is the column vector with components p,p 2 , . . . ,p ra ~ 1 . 
It is still true that if two square matrices A, B of size n — 1 with coefficients in k{{u)) satisfy 
[A] r_cp* = [B] tlp* then A = B. Then a similar computation as before shows that r^p* = 

[LA * LB] T£p*, so L is a loop homomorphism. 

Finally, the fact that U and L commute is clear. □ 



3.2.6 Positive matrices. We say that a matrix A e ^ n {{u)) is positive, and we write A ^ 0, if its 
entries are in fc[[u]]. (Here, as in 12.2.14 we sa y positive instead of non-negative for simplicity.) We 
denote by W n [[u]] the subset of positive elements of & n ((u)). It is a submagma, but not a subloop. 
Similarly has a submagma ^ n [ii] = & n [u,u ] n 

3.3 Examples 

Here is what the operation * looks like for n = 4. The product P = A * B is given by 



P 



/ u h+mi 




V o 



12 



u m2 a 12 



l2+m,2 






P13 



23 

■u: 



u m *a 23 



PlA 

P24, 



\ 



■^34 



U 4 a34 



with 



P13 



13 



ai 2 & 23 + ^ m3 ais + §i (u' 1 &12 , u m2 ai 2 ) 



P24 = u (2 & 24 + a 23 6 3 4 + « m4 a 24 + §iK 2 &23,« m3 a23) 

P14 = u Zl bi4 + ai2&24 + ai3^34 + a u u m4 + § 2 (u h b 12 ,u m2 ai 2 ) + 

+ Si {u h b 13 , a 12 6 23 , n m3 ai 3 , Si (n' 1 6 12 , u m2 a i2 ) ) + P x (a 12 , 6 23 ) 



Applying the homomorphism U (Lemma I3.2.5P , these formulas contain also the formulas of multi- 
plication for n < 4. 

3.3.1 Failure of associativity. For n = 2, the loop £^ 2 is a group: in fact the multiplication * is 
the ordinary multiplication of matrices. For n > 3, the multiplication * is not associative. Let us 
check this. We have 

/ u h+mi u h bl2 + u m 2ai2 (A*B) 13 

A*B=\ u h+m 2 u l2 b 2 3 + u m3 a23 

\ u h+m 3 

with 

{A*B) l3 = u h bi 3 + a 12 b 23 + u m3 a l3 + S 1 (u h b 12 ,u m2 a 12 ) . 
We now examine the coefficients in position (1,3): 

((A * B) * C) l3 = u h+rni c l3 + (u h b 12 + u m2 a 12 )c 23 

+ u ni (u h b 13 + a 12 b 23 + u m3 a 13 + §i(u h b 12 , u m2 a 12 )) 
+ Si(^ 1+mi ci 2 , u n *{u h b 12 + u m2 a 12 )) 
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and 



(A*(B*C)) 13 



-u h (u^c 13 



b\ 2 c 23 



u 



13 + §1(^12, u™ 2 & 12 )) 
+ ai2(n m2 c 23 + u n3 b 23 ) + u m3+n3 a 13 + Sj (u h (u mi c 12 + u n2 b 12 ),u mM a 12 ) . 

Using the formula §i(x, y, z) = §i(x, y) + §>i(x + y, z) from Lemma [3. 1.41 we compute the difference: 



{{A * B) * C)i 3 - (A * (B * C)) 



13 



,«3 



§i(n il+n3 6i 2 ,n m2+n3 a 12 

"^§1(^612,^^12) 



) + § x (u h+m ^c l2 ,u n *{uH 12 + « m2 ai 2 )) 



Si (w 11 +mi C12 , u' 1 + ™ 2 612) - §i {u h (n mi C12 + u n2 M , « 



m.2+n 2 



ai2 



This is not zero so * is not associative. 

However, we see that this is zero on the subloop ker (f> : ^3 ((it)) — > Z 3 , which then is a group. Let 
us verify that for n ^ 4, the multiplication * is not associative even if we restrict it to the subloop 
ker0 : ^((u)) — > Z 4 . We shall check this only for n = 4. We make the following observation: the 
multiplication of & n ((uj) differs from that of the underlying group of matrices by terms coming 
from the operations of Witt vectors, i.e. involving the sum and product functions Sj and Pj. Since 
the ordinary multiplication of matrices is associative, the terms of the entries in (A * B) * C and 
A * (B * C) that do not involve S, or Pj are equal. Consequently when we question associativity it 
is enough to look at the terms that contain Sj or Pj. Once this is said, let us compare the entries 
in position (1, 4) of (A * B) * C and A * {B * C). Looking at the above formulas, we see that among 
the terms involving or Pj the coefficient C34 is present in ((^4 * B) * C)i4 whereas it is absent 
from {A * {B * C))i4. Then one can easily specialize the parameters to obtain an example where 
((A*B)*C) ^ ((A* B)*C). We can also see that * is not diassociative (i.e. the subloops generated 
by two elements are not associative), and hence not a Moufang loop like the loops considered by 
Manin in his book on cubic forms |Maj . 

3.3.2 Formulas for left and right division. Finally, we let C = A * B and give the formulas 
for A = C/B and B = A\C for n = 3. We use the notations A = M(l,a), B = M(m,b), 
C = M(n, c). 

The matrix A = C/B is determined by l% = rii — mi for i = 1, 2, 3 and: 



ai2 = 

023 = 

ai3 = 

The matrix B = 

b 2 3 
bn 



C12 



u ni-m lb 



12 



U" 



C23 



•'23 



in?, 



Cl3 



u ni-m lb 



13 



C12— u n i~ 



H61 



U m 2 



§l(u n ^b 12 ,c 12 



u m-mi &12 ) 



A\C is determined by mi 
C12 



u m 3 

li for i = 1, 2, 3 and: 



u n2 ' l2 a 12 



C23 



u n:i l3 a 23 



C13 - a 12 



C23-M 



M'2 



u ni - l3 a 13 



§i(ci2 



u n2 ~' 2 ai2,n n2 ~ /2 ai 2 ) 



When C is the identity matrix, we see that left inverse and right inverse coincide. 
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4 Relating lattices and matrices 

In this section, we consider matrices adapted to well-chosen systems of generators of lattices. More 
precisely, we define subsets 

Stf((u)) c= <#((„)) c c: Sf„((u)) 

whose relation to lattices is the following. The set SJjf ((h)) of T -matrices corresponds to the nice 
systems of generators of lattices which we called T-bases. The set 3^~((ti)) of distinguished matrices 
corresponds to the distinguished T-bases, that is, to the lattices themselves. Finally the set %?n((u)) 
of /i-matrices corresponds to the //-lattices. The final result is Theorem 14.2.21 which formulates the 
classification of models of [x v n^K in terms of matrices, well-suited for computations. 

From now on, the ring of coefficients A: is a perfect field and W = W(k), W n = W n (k). 

4.1 Matrices and lattices 

Recall that lattices, T-bases and distinguished bases are defined in 12.21 

4.1.1 Definition. For each A e ^ n {{u)) we consider the column vector e* = its components 
ei, . . . , e n , and the lattice 9Jt = Wl(A) they generate. 

(1) We say that A is a T -matrix if e\, . . . , e n is a T-basis of 9Jt. 

(2) We say that A is distinguished if e\, — , e n is the distinguished basis of 2JT. 

We denote by ^f((u)), resp. @n(( u ))i the set of T-matrices, resp. distinguished matrices, in 
Sf„((u)). We have similar subsets Sf *[[«]] c SP n [[«]], Sf*[u,u _1 ] c Sk^u -1 ], £f n *[u] c Sf n [«] with 
*£ {T,d}. 

Let J*f n be the set of lattices of W n ((u)). We have a well-defined map 

Sf n ((u)) - JS? n , A^M(A). 

Denote by A(pJl) the matrix whose coefficients are the p-adic coefficients of the distinguished basis 
of 5DT. Then we have a section 

4.1.2 Lemma. Let A e ^ n {(u)) andWl = Wl{A). Then: 

(1) A is a T -matrix if and only if MA/ LA > 0, i.e. UA = B * LA for some B e 5f n [[u]]. 

(2) ,4^0 if and only ifWl>0. 

Proof: (1) Set e* = Due to the shape of matrices in Sf n ((it)), we have v p (et) = i — 1. It 

follows from (1) of Lemma [2.2.41 that e* is a T-basis if and only if pei e (ej+i, . . . , e n ) for all i. This 
is in turn equivalent to the existence of elements bij e k[[u]] such that 

pei = [bu] e i+ i H h [6i, n -l] e„ 

for all i. Let B be the upper triangular matrix with diagonal entries and other entries 

6jj e &[[?/]]. It is simple to see that the set of equalities above is equivalent to UA = B * LA. 

(2) We have Wl ~St if and only if e« e W n [[it]] for all i. Since = tt^p^-l-fa^j+i] p l H \-[oi n ] P n ~\ 

this means that u li and belong to A; [[it]] for all i,j. □ 

The construction of the distinguished basis in Lemma 12.2.71 shows that the volume of a lattice 
(defined in I2.3|) can be computed from a T-matrix giving rise to it: 
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4.1.3 Lemma. For A e &£((u)) and SOT = StJl(^), we have vol(SH) = det(A). 



Proof: Let a be an integer such that u Q 9Jt cz lf n [[u]]. Replacing Wl by u a 9Jt and A by i/M, we 
may assume that a = 0. To simplify the notation, we write Wl + = W n [[u]]/Wl. Write A = M(Z, a). 
We have the following diagram with exact rows and columns: 







- M[i + 1] - 

I 

I 

■ m[i + i] + 

I 













■ m[i\ 

l 



W„-i+i[[u]] 







a7l[i]/£Dl[i + 1] - 

I 

— — 
I 

(SDt[t]/£W[i + 1])+ 

I 





Since A e Sf n [[u]], we have art[z]/S!K[i + l] u' 4 A;[[«]] and {Wl[i]/Wl[i + 1]) + k[u]/(u h ) of length 
Then the result follows by induction, using the additivity of the length. □ 

Let us now look at some natural lattices associated to a lattice 9JT. We defined the kernel SUTpi] 
and the image 9Jt(i) in 12,2.21 The ring W n {{u)) is endowed with a Frobenius endomorphism (j> 
whose restriction to W n is the Frobenius of the Witt vectors, and such that 4>{u) = u p . This gives 
rise to another interesting lattice, namely the lattice generated by 0(971). Also, for a polynomial 
E(u) e W n [u] we can consider the lattice E(u)9Jl. If Wl = Wl(A), we wish to express the matrices 
associated to these lattices in terms of A. We will shortly give the result, but we first need a bit of 
notation. 

4.1.4 Notation. We denote by 5 the matrix operator taking a square matrix M of size r to the 
square matrix of size r + 1 whose upper right block of size r is M and whose other entries are zero. 
In pictures, 







V o 



M 







The operator "P l takes a matrix M of size r to the matrix of size r + i whose upper right block is 
M and whose other blocks are zero. 

4.1.5 Definition. Let A e 5f n ((u)) be a matrix and E{u) e W n [ii] a polynomial, with p-adic 
expansion E(u) = [E (u)] + [Ei(u)]p+- ■ ■ + [E n - 1 (u)]p n - 1 . With the notation of HTi] we define: 

(1) E(u)oA = p^Zo [EildxrWA]), where p is the map from Lemma 13.1.61 

(2) (j)(A) is the matrix obtained by applying Frobenius to all the entries of A. 

The two operations </>(— ) and E{u)o— are compatible with U and L in the following sense. 

4.1.6 Lemma. For all matrices A e W n ((u)) and polynomials E{u) e W n [u], we have: 
(1) U{4>{A)) =4>{U{A)) and £{cj){A)) = </>(JC(A)). 
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(2) U{E(u)oA) = E{u)oU(A), and L(E(u)oA) = E{u)oL{A), 

where in E{u)o\L{A) and E{u)oL{A) it is the image of E{u) in W n —\\u[ that is involved. 

Proof: (1) is obvious and we only prove (2). Let tu be the truncation map that takes a vector v 
with n components to the vector whose components are the first n — 1 components of v, so Tup* 
is the vector analogous to p* in dimension one less, as in the proof of Lemma 13.2.51 Since 711 A is 
the matrix obtained from H.7A by replacing the last line by 0, we have: pPUA] r^p* = r^pPAJp*. 
It follows that 

n-2 /n-l \ 

[E(u)oU(A)]t uP * = 2 [Ei][rU i+1 A]T UP * = T U 2 [EA[rU l A]p* = r u ([E(u)oA]p*) . 

i=0 \i=0 / 

But it is exactly the defining property of M = U(E(u)oA) that [M] r u p* = T U ([E(u)oA]p*). This 
proves that \L{E{u)oA) = E(u)o\l(A). The proof for the commutation with L is similar: TLA is 
the matrix obtained from L^A by replacing the first line by 0, etc. □ 

4.1.7 Lemma. Let A e ^ n {{u)) andTle^ n . 

(1) Ifm=M(A) then: 

(a) Wl(i) = TliU^A), 

(b) Wl[i] = WliL^A), 

(c) (<j>(Tt)} = M^A)), 

(d) E(u)Wl = < m(E(u)oA). 

(2) If A is a T -matrix then U* _1 j4, A, <ft(A), E(u)oA are also T -matrices. 

(3) If A is distinguished then U* _1 A, L l ~ 1 A, 4>(A) are also distinguished. 

It is not true in general that if A is distinguished then E{u)oA is distinguished. There are 
obvious counter-examples for n = 2 as soon as l\ ^ I2 + 1. 

Proof: (1) Let e* = [A] p* . Let us fix i e {1, . . . , n] and define: 

(a) fj = p t ~ 1 ej for — i, 

(b) gj = e j+i -i for 1 s; j ^ n + 1 - i, 

(c) hj = 4>(ej) for 1 ^ j ^ n, 

(d) £j = E(u)ej for 1 < jf < n, 

The elements /j generate 9Jt(i) and we have /* = [U l_1 ^4]j?*, hence Wl(i) = 50t(lX 4_1 yl). The 
elements gj generate 9JT[i] and satisfy <?* = so that Wl[i] = 57t(£* _1 j4). The elements 

hj generate (4>(Wl)) and satisfy h* = [(j>{A)]p* so <^(SPT)> = DJl(</>(A)). Finally the elements tj 
generate E(u)9Jl and moreover a simple matrix computation shows that p l [A]p* = [IP'UM] p* so 

E{u)e* = {^[EitfftAlp* = ^[EiliTWAlp* = ^Id*rUM)]p* = [E(n)o^]p* . 

It follows that E{u)Wl = Tl(E(u)oA). 

(2) Using the characterization 1) in Lemma f2. 2.41 it is very easy to prove that /*, h*, 1* are 
T-bases. 

(3) It is immediate that the matrices U l ~ 1 A, L t ~ 1 A and 4>(A) have Laurent polynomial entries and 
satisfy the condition on the degrees required to be distinguished. □ 
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4.1.8 Lemma. Let A, A' be in & n ((u)) and Wl = Tt(A), Wl' = Wl{A ! ). 

(1) Assume that A 1 e ^{{u)). Then M <= £0? if and only if A/ A' > 0. 

(2) In particular, the T -matrices are the minimal elements among the matrices A e W n ((u)) such 
that Wl(A) = Wl, in the sense that for any two matrices A, A' with ffll(A) = fJJl(A') = Wl, if A' is a 
T -matrix then A/ A' ^ 0. 

(3) Assume that A, A' e £^((u)). Then 9Jt = if and only if A/ A' is positive and unipotent. 

Proof: Let e* = L4]p* and = be the associated generating sets. Then Wl a SOT' if and 

only if for each i we have e« e SfJt' [z] . This means that there exist scalars bij e such that 

e» = [kj] e- + [b i>i+1 ] e' i+1 H h [b i>n ] e n . 

Let B be the upper triangular matrix with coefficients bij. These equalities amount to e* = [B] e+, 
in other words [A]p* = [B][A']p* = [B * A']p*. Thus A/A' = B > and this proves (1). Now (2) 
and (3) follow immediately. □ 

4.1.9 Remark. It follows from this lemma that the relation > on defined by A > B if 
and only if A/B ^ is reflexive and transitive. 

4.2 Matricial description of Breuil-Kisin modules 

Finally we arrive at the description in terms of matrices of the Breuil-Kisin modules corresponding 
to a group scheme which is a model of /i p n. We recall that K is a finite totally ramified field 
extension of Kq, the fraction field of the Witt ring W = W{k) of a perfect field k of characteristic 
p > 0, and that E{u) is the Eisenstein polynomial of a fixed uniformizer ir e Ok- 

4.2.1 Definition. We say that A = M(l, a) e 5f n ((u)) is a ^.-matrix if it is distinguished and if 

(1) <f>(A)/A > 0, 

(2) {E{u)oA)/4>{A) > 0. 

We denote by &n((u)) the set of //-matrices in £f n ((u)). 

With the induced order of ^((u)) (cf Remark 14. 1.9j) . the set &n((u)) is an ordered set. Since 
XL and £ are loop homomorphisms (|3.2.5p . take positive matrices to positive matrices (obvious), 
and commute with <j) and E(u)o— (|4.1.6p . one sees that if A e ^ n {{u)) is a /i-matrix, then UA and 
LA are also //-matrices. 

4.2.2 Theorem. The maps G >-* SDT(G) and 9Jt >-* A(fM) give bisections between: 

• the set of isomorphism classes of R-models of n p n } K> 

• the set J£n of ^.-lattices, i.e. finitely generated sub-W n [[u]]-modules of W n ((u)) satisfying 
E{u)Wl c (4>{Wl)) cz9Jl, 

• the set &n ((u)) of ^-matrices, i.e. matrices 
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A 



( u h 



V o 



Ol2 0-13 

u h a 2 3 



0-ln 
0-2n 



U " 1 On— l,n 
U l " 



where I = (h, ...,I„)eN™ and ctij e k[u] for all i,j, such that: 

(1) deg u (aij) < lj whenever 1 ^ i < j ^ n, 

(2) UA/LA ^ 0, 

(3) <f>{A)/A > 0, 

(4) {E(u)oA)/4>(A) > 0. 

These bijections are increasing: if G, G' are models of fj, p n,K with associated lattices Wl, Wl' and 
distinguished matrices A, A', then the following conditions are equivalent: 

• there exists a model map G — > G' , 

• Wl c m', 

• A/A 1 ^ 0. 

Finally, these bijections are "compatible with quotients and kernels": 

• G(i), 9Jt(i) and U t ~ 1 A correspond to each other, and 

• G[i], 9Jt[i] and L l ~ 1 A correspond to each other. 

Proof: The increasing bijection between models of and //-lattices is the Breuil-Kisin equiv- 
alence. The map 9JT >—* A(JM) is the map taking a lattice to its distinguished matrix, so that 
A = A(9Jl) = M{1, a) satisfies the conditions (1) and (2). It remains to prove that the additional 
conditions satisfied by a /i-lattice translate into the additional conditions (3) and (4) in the the- 
orem. Indeed, the condition (3) is a translation of the fact that (0(9Jt)) a Wl and the condition 
(4) is a translation of the fact that E(u)Wl e= Wl. Moreover, since 9Jt is positive (see I2.3p . then so 
is A and hence Zj ^ 0. This gives the refinement in the statement of the theorem. The fact that 
the bijection between ^-lattices and //-matrices is increasing is Lemma 14.1.81 The fact that the 
bijections are compatible with quotients and kernels comes from Lemma 14. 1 . 71 and the fact that IX 
and £ preserve //-matrices. □ 



4.2.3 Remark. Let us recapitulate some of the information we have on the parameters. 

(1) We have l\ > 1% ^ ■ ■ ■ ^ l n since UA/LA ^ (^4 is a T-matrix). In fact, the positivity of 
UA/LA corresponds to the existence of the model maps G{i) —* G[i] of 12.3.31 f° r au 

(2) We have U ^ and vaL^a^+i) ^ k+i/p, for all i. Indeed, since 4>(A)/A ^ there exists a 
positive matrix B = M(m, b) such that (f)(A) = B * A. Comparing the diagonal entries, we get 
{p — 1)U = mi ^ thus k ^ 0. Comparing the entries at distance 1 from the diagonal, we get 
(oi.i+ijf = ufr-^ay+i + u li +ib iji+1 . Thus (oi.i+ijf = mod 

(3) We have e/(p — 1) 5= l\ since (E(u)oA)/(p(A) ^ 0. Indeed, the upper left entry of E(u)oA is 
n e+ ' 1 and the upper left entry of <j>(A) is u pl1 . The result follows. 
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Theorem 14.2.21 gives already very precise information on the structure of the set of models of 
fipn. In a naive way, it is parametrized by n integers < l n ^ • • • ^ l\ ^ e/{p — 1) and at most 
SitTi i>h elements of k (the coefficients dij), as follows from condition (1) in Theorem 14.2.21 

4.2.4 Definition. The parameters (h, ■ ■ ■ ,l n ) of a model of are called the type of the model. 

The geometric interpretation of the type of a model of \x v ™ is quite clear. Theorem 14.2.21 gives a 
precise geometric interpretation for the other (somehow more mysterious) parameters of the Breuil- 
Kisin modules: some of them parametrize flat subgroup schemes or quotients, and some others 
parametrize extensions between such subquotients, models of ^ and \i v r for 1 < r, s < n — 1. 

4.2.5 Remark. A remaining open question is the structure of this set of parameters. The explicit 
computation of relations is completed for n = 3 in Section [5j Since the functions S« and Pj involved 
in the operation A * B are defined by exponentiation with respect to negative powers of p, a high 
enough power of Frobenius transforms the constraints defining /i-matrices into polynomial relations 
between the coefficients of the aij. Hence up to Frobenius, we can easily define the variety of models 
of The study of the dimension and irreducible components of this variety has to be compared 
to the works of Imai and Caruso ([Car], |Imj ) on Kisin's moduli space of models of fi p n (jKi2j). 



5 Computation of /i-matrices for n = 3 

Since the bijections in Theorem 14.2.21 are compatible with quotients and kernels, the matricial 
formulas for the models of ii p n contain the matricial formulas for the models of fj, i for all % ^ n. 
In this section, we work out the conditions in Theorem 14.2.21 for n = 3 and p ^ 3. We stress that 
they include also the case n = 1,2. And in these cases one gets the formulas obtained by Caruso 
in [To2| . Appendix A. 



5.1 Computation of the matrices 

We have 



/ n' 1 <2i2 ai 3 \ 

u h a 2 3 
\ u h J 

Using Examples 13.31 we find 



u l1 aio 
UA = | | , LA 

u h 



u h 023 
u h 



UA/LA 



U 



u'3 
h-h 



Moreover we have 



( a\ 2 a? 3 \ 



vP l2 
\ 



w 



''23 
pl-.i 



23 



and 



/ u (p-i)Ji 42=^!l 



4>{A)/A 



112 



u'2 



P13 



u (p-l)ia ag3-" (p - 1)i2 



»2:s 



U l 3 

u (p-l)Z 3 



where 



Pl3 



Ol2,-Ol 2 J 



Finally we compute E(u)oA. Note that for n = 3 we have Id * IP IT ,4 = E^TWA for all i, but this 
is false already for n = 4, because of the failure of multiplicativity of Teichmiiller representatives 
of polynomials (see Lemma |3.1.4|) . Thus 



/ u e+h u e a 12 + u h E 1 u e a 13 + a^-Ei + § 1 (u e a 12 ,u h E 1 ) + u h E 2 \ 



E(u)oA 



,e+h 



a 23 + u h Ei 



and 



{E{u)«A)/^A) 



( „e-(p-l)h u'a 12 WiE 1 -u'-(P- 1 ) l iaP 2 

u P l 2 








,e-(p-l)h 







u e-(p-l)h 



where 



u 



a 13 + a X2 E x + Siiv^au^Ek) + u h E 2 - u e -^ h a p l: 



13 



"' 8l2Wi y' P 1)h<2 a p 23 - ^ e - {p - l)h < 2 ^ e ai2 + u l -E 1 - u-(P-^a p 12 ) 



5.2 Translation of the conditions of the theorem 



Condition (1) yields: 



deg n (ai 2 ) < h - 1 , deg u (ai 3 ) «S l 3 - 1 and deg u (a 23 ) <h-l ■ 



Condition (2) yields: 



h>l 2 > k 



and 



a\2 — u l1 l2 a 2 3 = mod u 



Condition (3) yields: 



a p 12 -u {p - 1)h a 12 = mod u 12 , 



h 



(p ~ 1)/2 a 23 = mod u h 
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and 



a i3 - u 



(p-i)ii 



ai3 



a\ 2 - u 



(p-l)j 



^12 



«2 



a 23 - Si(ti (p_1)Zl ai2, -a? 2 ) = mod u l 



Since (p — 1)1% ^ l 2 , the first two are equivalent to: 

and 



l 12 



mod v} 2 



= mod u' 



h 



Concerning the third, observe that since (p — l)l\ > I3 the term u^ p ~ 1 ^ ll ai3 can be neglected. 
Also since val u (§i(x, y)) 5 s max(val u (x), val u (y)) by Lemma T3.1.41 we see that the §1 term can be 
neglected. Finally the term u^ -1 ^ 1- ' 2 012023 can also be neglected: indeed pl\ > 2li > h + h 
implies that its valuation is at least 

((p " - h) + ~ + ~ = ~ ((p - 1) (Pil " h) + h)>~ ((P " l)/3 + i 3 ) = ^3 • 

p p p p 

So the third condition is equivalent to: 



"13 



u 2 a? 2 a23 = mod u 



Condition (4) yields: 



u e a 12 + u h Ei - u^P-^a? = mod u ph 



u e a 2 3 + u h E 1 - u e ~^ h <JL = mod u ph 



and 



u e a\3 + a\ 2 E\ + E>i(u e ai2,u 1 E 1 )+u h E 2 



,e-(p-l)h n P 



13 



-p^ a 23 — ^i{u (P ' a i2' _ w "12 — h^Ei) = mod « p ' 3 . 

Finally the last but one boxed congruence implies that 



SiK- (p - 1) ' 1 a? 2! n e a 12 + u h E 1 - u e -^ h a p 2 ) = mod 



Hence it vanishes also modulo u pls and we obtain: 



u e a 13 + a 12 E x + §x(u e a 12 ,u h Ei) + u h E 2 - u^-^al 



13 



- " eQl2Wl£l tt ;r (P ' 1) ' 1<2 «23 -0 mod ^ 



5.2.1 Corollary. Let p > 3. Le£ 9Jt e (Mod/<5)3 6e i/ie Breuil-Kisin module of a finite flat R- 
model of [i p 3 K . Then there exists a unique family of parameters (Ji, l 2 ,ls, a\ 2 , a±3, 023) composed of 
three integers ^ I3 ^ l 2 ^ h ^ e/(p — 1) and three polynomials a\ 2 , ais, 023 e A; [it] satisfying: 



(i) deg u ai2 «S Z 2 - 1, deg M a i3 s= l 3 - 1, deg n a 23 ^ I3 - 1, 
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(ii) ai2 — u h l2 a 2 3 = mod u li , a p l2 = mod u' 2 , 0^ = mod v} 3 , 



(iii) a p 3 — -u l2 a p 2 a 23 = mod u' 3 ; 



(iv) u e a 12 + u h Ei - u e -^ p -^ h a p 12 = mod u pl ' 2 and u e a 23 + u h Ei - u^^-^a^ = mod u phi , 

(v) u e a 13 + a 12 E 1 + Si (u e a 12 , u h E 1 ) + 

+u l ^E 2 - u e -(P-^a p 13 - " egl2+ ''' 1£ :,;r (? " 1 " l8 " af 3 ee mod v**, 

such that M = m(A) with 



~uPl2 "23 



A 



[an] [a 13 ] 





V 



u 



[023] 



u 



5.3 The tamely ramified case 

In the tamely ramified case (e,p) = 1, some of these congruences can be simplified. To begin with, 
let us prove that 

and 



h > pl 2 



h > ph 



Let us prove the first inequality. If l 2 = there is nothing to show. Otherwise we have l 2 > and 
we claim that the only monomial of degree l\ in the polynomial 

u e a l2 +u h E 1 -u e -^ h a p 2 

is u ll E\(0). Indeed the first term has valuation 

val(u e ai 2 ) 5* e + l 2 /p > e (p - l)h ^ l\ . 

Moreover since a p 2 is a p-th power, the degrees of the monomials of u e ^^ p ^ ll a\ 2 are of the form 

e — (p — l)h + ip = e + h — p(l\ — i) 

for some integer i. Since (e,p) = 1, this degree is not congruent to l\ modulo p. This proves that 
u ll Ei{Q) is the only monomial of degree l\ and then the congruence 



u 



e a 12 + u ll E 1 - u e - {p - 1)h a P 2 = mod u ph 



forces ^ pl 2 . The proof that l 2 ^ pl 3 is similar. 

It follows that the condition given by the congruence 012 — u ll ~ l2 a 23 = mod u li is empty 
since we already know that both terms have valuation at least ^3. 

It follows also that the congruences implied by condition (4) become: 



u e-(p-i)li a P 2 = mod u ph 



M e-(p-l)i 2a P 3 _ q mod u pl A 



and 



012 



E 1 - u e -^ h a\ z - 



u e a 12 + u l ^E 1 -u e -( p - 1 ^a p 12 p h 
; —a,n q = mod u y J 



Then, in the tamely ramified case, the parametrisation of models of fj, p 3 ^ is much easier: 
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5.3.1 Corollary. In the tamely ramified case (e,p) = 1, the models of fi p s over Ok « r e classified 
by three integers < p 2 l^ ^ pl 2 5= l\ =S5 e/(p— 1) and i/iree polynomials a\ 2y ai3, 023 e A;[n] satisfying: 

(i) deg u ai 2 «S Z 2 - 1, deg M a 13 «S i 3 - 1, deg u a 23 Z 3 - 1, 

(ii) ^-(p-^ofa s mod u ph , u e -^-^ h a p 2Z = mod/ 3 , 

(iii) a 12 E x - u^iP-^a^ - " e °i a +"' 1 ^ e - (p - 1) ' 1 °?2 ffl P 3 = Q mod ^3. 

5.3.2 Remark. The tamely ramified case seems to be easy to compute in higher dimension. In 
Corollary 15, 2. 1^ even for n = 3, we can see that ramification intervenes in the computation in a very 
delicate way: not only through the coefficient E 2 of the Eisenstein polynomial but also through the 
lifting modulo p 2 of the parameters via §i(u e ai2, u ll E±). 

6 Sekiguchi-Suwa Theory 

In this section, we recall and complement some aspects of Sekiguchi-Suwa Theory. The main 
definitions and results are given in Subsections 16.11 16.21 16.31 For an extended version, see [MRTJ. 
We also give an interpretation of these results from a matricial point of view: we introduce the set 
^ n of matrices parametrizing filtered group schemes, and study its basic properties. This is the 
topic of Subsection I6.4L 

6.1 Some definitions about Witt vectors 

6.1.1 The maps V,F,T. We recall here some definitions about Witt vectors. We emphasize 
that in contrast with Sections § [2] to § [5j we consider Witt vectors with coefficients in an arbitrary 
ring, not necessarily perfect of characteristic p. In particular, we need to consider quotients of a 
discrete valuation ring of unequal characteristics. For r ^ 0, we recall the definition of the r-th 
Witt polynomial: 

$ r (X , . . . , X r ) = Xl r + pXf' 1 + ■■■+ p r X r . 
Then for each ring A the following maps are defined: 

- Verschiebung: 

V : W(A) — ► W{A) 
(a , ai,a 2 , ■ ■ . ) ' — ► (0, a , ai, a 2 , ■ ■ ■ ) 

- Frobenius: 

F : W{A) — > W{A) 
a = (a ,a 1 ,a 2 ,...) ' — ► (F (a), F x (a), F 2 (a), . . . ) 

where the polynomials F r (X) = F r (Xo, . . . , X r ) e Z,[Xq, . . . , X r+ {\ are defined inductively by 

$ r (F (X),iq(X), ...,F r (X)) = $ r+1 (X , . . . ,X r+1 ). 
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- T map: 

T : W{A) x W{A) — > W{A) 

(a,x) i — > T a x = (T (a,x),T 1 (a,x),T 2 (a,x),...) 

where the polynomials T r (A, X) = T r (Ao, . . . , A r , Xq, . . . , X r ) e 7j[Aq, . . . , A r , Xq, . . . , X r ] are 
defined inductively by 

n 

$ n (T ,...,T n ) = ^"-'M^.flo,..,!,). 

i=0 

Since $ n (To, . . . ,T n ) is linear in the variables $j(Xo, . . . , Xj), we see that for fixed a the map 
T a is a morphism of additive groups. Moreover, it is easy to see that for any ring A and Witt 
vectors a,x e W(A) with a = (oq, . . . , a n , . . .) we have explicitly T a x = XifcLo V k (i a k] x ) (see 
|SSlj . Lemma 4.2). For instance if a = [ao] is a Teichmiiller element then T a is nothing else than 
left multiplication by [ao], and in particular T\ is the identity. If x = [xq] is Teichmiiller then 
^([^o]) = (oo^OjQi^Oj^^Oi • • • )• For each ring A an element A e A, we set 

A. a = (Aa , Aai, Aa 2 , . . . ) = T a ([X\). 

Clearly Ai.(A2-a) = (AiA2).a which will usually be written AiA2-a. The ideal A.W(^4) is the kernel 
of the morphism of rings VF(^4) — * W{A/\A). If two vectors a, b are congruent modulo X.W(A), 
we sometimes write simply a = b mod A. We will also have to consider the following type of Witt 
vectors with coefficients in the ring ^4[1/A]: 

a df /ao ai 02 \ 

a " lri'i'"r 

The notations ja or a/ A may also be used when it is convenient. 

6.1.2 Definition. For any ring A, we define the subfunctor of finite Witt vectors by 

W f (A) = {(a 

, d, C2, • • • ) 6 W(A) ; m = for i » 0} 

and the completion of VK(^4) by 

VF(^4) = {(ao, ai, a2, . . . ) £ VF(^4) ; a» = for % » and a, is nilpotent for all i}. 

Note that W f (A) is not a subgroup of V4^(A), but VK(^4) is an ideal in VF(^4) which is stable 
under F and V (see [MRT] . 2.2.1, 2.2.3, 2.2.4). 

6.1.3 The T-multiplication. We shall define a new product between matrices whose entries are 
Witt vectors. We need to start with some elementary properties of the map T when one of the 
variables is fixed. 

6.1.4 Lemma. Let A be a ring and a = (ao, a±, . . . ) e W(.A) with not a zero divisor. Then 
the morphism T a is infective. If oq is invertible then it is an isomorphism. 
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Proof: Let us suppose that ao is not a zero divisor and that T a x = with x = (xo, x\, . . . ) e VF(^4). 
We prove, by induction, that x n = for any n. Since $o(T a x) = a^xo = and since ao is not a 
zero divisor then xq = 0. We now suppose that X{ = for i < n. This means that x = V n+1 y with 
y = (x n+ i, . . . ,x r , . . . ) e W(-A). Therefore 

oc oc 

T a x = J] F fe ([a fe ]y" +1 (y)) = ^ fe ([af +1 ]y)) = 0. 

fc=0 fc=0 

n+1 

In particular we have Oq x n+ i = 0. Since ao is not a zero divisor then x n+ \ = 0. 

Let us now suppose that ao is invertible. Let y e W(-A). Let p n : W(.A) — > M^ n (^4) and 
Pn,A; : Wn(^4) — * Wfc(-4)j if w ^ fe, the natural projections. We now prove that for any n e N there 
exist x n e W n (A) such that T Pn ( a) x n = p n (y) and 

Pn,n— i( x n) ~ x n—i- This clearly implies that 

there exists x e W(A) such that T a x = y. 

We prove the above statement by induction. Clearly xq = (xq) = (^) e A. Let us suppose 
that there exists x n = (xo, • • • ,x n ) such that T pn ^x n = p n (y). The required x n+ \ is given by 
(xo, • • • , x n+ i) with x n+ i such that 

n+1 

V n+1 [a x n+1 ] =p n +i(y) - J] y\[ a i]( x o,---,x n ,0)) - [ao](x o ,...,x n ,0). 

i=i 

The existence of x n+ \ is ensured by the fact that ao is invertible and by the fact that the projection 
of the right hand side on W n is zero by induction. □ 



6.1.5 Lemma. For any x = {xq,x\,X2, . . . ) e W(A) with x$ not a zero divisor, the map T,x is 

injective. If xq is invertible then it is bijective. 

Proof: Let a = (ao, a±, 02, . . . ) and b = (bo, bi, 62, • • • ) as above. We will prove by induction that 
a n = b n for any n. If T a x = T^x in particular ao^o = box$ . Since xq is not a zero divisor them 
ao = bo- Now let us suppose that ai = bi for i < n. We prove a n = b n . By hypothesis, we have 

00 oc 

T a x T b x = T a x = Y i V k (([a k ] - [b k ])x) = ^ V k (([a k ] - [b k ])x) = 

fc=0 fc=n+l 

In particular we have a n+ iXo = b n+ iXo which implies a n+ \ = b n+ \ since xq is not a zero divisor. To 
prove the surjectivity when xq is invertible one proceeds in a similar way as in the previous lemma 
and it is even simpler. □ 

We now introduce a new, nonassociative product between matrices with Witt vector entries. 

6.1.6 Definition. Let M = (mj) and N be two matrices belonging to M n (W(A)). We define the 
T-multiplication by 

M* T N := T M (N) 
where Tm is the matrix of operators (T j)i<i ,<„. 

Endowed with this composition law, M n (W (A)) is a magma and the identity matrix is a two- 
sided unit element. We will now consider the set J4? n (W(A)) c: M n (W(A)) of upper triangular 
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matrices of the form 



' a\ a\ a\ 




a 



ah 



u a n-l a n-l 



V 



o 



a 



/ 



with a\ = (fl^g, a^, a| 2 , • • • ) an d n °t a zero divisor. We refer to 13,2.41 for the definition of 
the operators IX and L, taking a square matrix to its upper left and lower right codimension 1 
submatrices. 

6.1.7 Lemma. The set J^ l (W(A)) is a submagma of M n (W(A)) and the cancellation laws hold, 
i.e. if M * T N = M' * T N then M = M' and if M * T N = M * T N' then N = N' . Moreover if A 
is a field then Jrf? n (yV(A)) is a loop. 

Proof: It is easy to prove that J^(W (A)) is stable under *t- We now prove that the cancellation 
laws hold by induction on n. For n = 1 this is just lemmas 16.1.41 and 16.1.51 Let us suppose that 
the cancellation laws hold in J^ l (W(A)) and prove them for J^ + i(W(A)). We observe that for 
any M,N e Jt? n+1 (W(A)) we have 



U(M * T N) = U{M) * T U(N) 



and 



L(M * T N) = L(M) * T L(N). 

Therefore if M * T N = M' * T N we have, by induction, that U(M) = U(M') and L{M) = L(M'). 
Similarly if M * T N = M * T N' then U(N) = U(N') and L(N) = L(N'). It remains to prove that 
m" +1 = m'i +1 and n" +1 = n'™ +1 . We begin with the first. From 



n+l 



it follows that 



Since m\ = m'\ for j = 1, 



(M * T A0i +1 = (M ' * T N)'1 

n+l n+l 

ZJ raj J m'\ 3 

3=1 3=1 

, n it follows that 



which implies m™ +1 = m'i n+1 by Lemma 16.1.41 Now from 



(M * r AT)™ +1 = (M * T JVOT 



/\n+l 



it follows that 



n+l n+l 

Vt ;< +1 = Vt 3 < +1 . 

Z_l mj J Z_J mj J 

i=l 3=1 



Since n\ = n ± for j = 1, . . . , n it follows that 
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which implies n™ +1 = n'™ +1 by Lemma 16.1.51 

To prove the fact that Ji% l (W n (A)) is a loop if A is a field one proceeds similarly, using the 
second part of Lemmas 16.1.41 and 16.1.51 □ 



6.2 Deformed Artin-Hasse exponentials 

In this section we introduce some deformations of Artin-Hasse exponentials which we will need in 
the following. 

6.2.1 Definition. Given indeterminates A, U and T, we define a formal power series in T with 
coefficients in Q[A, U] by 

rr 00 1 ( ( U Y k (UY^ 



E P (U,A,T) = (1 + AT)a [](1 + A p "TP") 



fc=i 



It satisfies basic properties such as E p (0,A,T) = 1 and E p (MU,MA,T) = E P (U, A, MT), 
where M is another indeterminate. It is a deformation of the classical Artin-Hasse exponential 
E P (T) = Y\T=o ex P(^ p /p k ) m the sense that E p (l,0,T) = E p {T). To see this it is sufficient to 



observe that, for any k, the series (1 + A p T p )p v AP fc AP k 1 > i s equal to |^(1 + A v T p ) a? 
and this gives exp(T p /p ) for A = 0. 

6.2.2 Definition. Given a vector of indeterminates U = [Uq, U\, . . . ), we define a power series 
in T with coefficients in Q[A, Uq, U%, . . .] by 

oo 

E p {V,A,T) = Y[E p (U e ,AP e ,TP e ). 

We have the following fundamental lemma. 

6.2.3 Lemma. The series E p (U, A, T) and E p (JJ, A, T) are integral at p, that is, they have their 
coefficients in Z( p )[A, U] and Z( p )[A, Uq, U%, . . .] respectively. 

Proof: See [SS2], Corollary 2.5. □ 

It follows from this lemma that given a Z^-algebra A, elements A, a e A and a = (oo, a\, . . .) e 
we have specializations E p (a, X, T) and E p (a, X, T) which are power series in T with coefficients 
in A. We usually consider Witt vector, i.e. as an element in H^(t4). 

6.2.4 Remark. Let A 1 = Spec(Z( p )[A]) be the affine line over the ring of p-integers Z( p ), with 
coordinate A, and write W&i for the scheme of Witt vectors over A 1 . We remark (see [SS2J, 
Corollary 2.9.1) that, generalizing what happens for the Artin-Hasse exponential, the deformed 
exponential of Definition 16.2.21 gives a homomorphism 

W A i — ► A A i 

where A A i = Spec(Z( p )[A, X\, . . . ,X n , . . .]) is the A 1 -group scheme whose group of i?-points, for 
any Z( p ) [A]-algebra R, is the abelian multiplicative group l + Ti?[[T]]. (We hope that the difference 
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between the symbols A and A is visible enough.) The above homomorphism is in fact a closed 
immersion. We also note that there is an isomorphism: 



pffc 

which works as follows. With any Z( p )-algebra R, any element A e R, and any family of Witt 
vectors = (afco> a fci> a fc2> • • • ) e indexed by the prime-to-p integers k, this isomorphism 

associates the series 

F ( T ) = Up\k E p (a k ,X,T k ) (see [MRT] . Lemma 3.1.2). □ 

Here are a couple more definitions which will be useful in the sequel. We set 

pE p (U, A, T) = E p {V{Ul Uf, • • •), A, T). 

where V is the Verschiebung. Using the isomorphism \\k\p ^A 1 — A A i described above, one 
extends this definition to any element of 1 + TZ^[Ui, ...,U n , A] [[T]]. The result is a group 
scheme endomorphism 

p : A A i — > A A i . 

In [SSI] this operator is called [p], but we prefer p to avoid confusion with Teichmuller represen- 
tatives. Also, we define an additive endomorphism := F — [A^" 1 ] : W A i — » W A i. For each 
element A in a Z( p )-algebra R, this gives an endomorphism F x : Wr —> Wr. When R is a discrete 
valuation ring with uniformizer tt and A = it 1 for some / > 0, we will sometimes write F^ instead 
of F w (see e.g. the statement of Theorem 16. 3.4p . 

6.2.5 Definition. Let A2 be another indeterminate. For any H in 1 + TZ( p )[i7i, . . . , U n , A][[T]] 
we define the series 

W °°. — 3-r* r _i(F A 2(W)) 

E p (W, A 2 ,H) = H a 2 Y\ {FH) ? rA 2 . (1) 

r=l 

From the definition, one sees that E p (W,A,H) gives a bilinear group scheme homomorphism 

W A i x A A i -> A A i . 
With some quite simple computations one shows the following lemma. 

6.2.6 Lemma. In the group 1 + TZ (p) [W, ^, A, A 2 ][[T]], we have 

E p (W,A 2 ,E p (l],A;T)) = E p (T v/A2 W, A; T). 
Proof: See [SSI], Proposition 4.11. □ 
In particular, we have E p (W,A, 1 + AT) = E P (W, A;T). Finally we define the following series. 

6.2.7 Definition. For any H as above, we define 

G P (W, A 2 ,H) = Yl [ $r H ) ^ e 1 + T( ^ W ' U ' A > A 2> a^][[ T ]]- 
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Using |SS2| . Lemma 2.8, one sees immediately that 

G P (F^(W),A 2 ,H) = P{ w A */ . (2) 

E p (W,A 2 ,H) 

We remark that for any H as above we have 

G P (W, A 2 , H) G P (W, A 2 ,H) = G P (W + W, A 2 , H) e 1 + TQ[W, W, U, A, A 2 -^][[T]] (3) 

A 2 

where W + W is the sum of Witt vectors. We finally have the following lemma. 

6.2.8 Lemma. We have G P (W, A 2 ,E p (V, A 2 ;T)) e Z^fW, A, A 2 ][[T]]. 

Proof: See [SSI], Proposition 4.12. □ 
It is quite simple to verify the following equality. 

6.2.9 Lemma. We have E p (W,A 3 ,G p (V,A 2 ;H)) = G p (T v/A3 W, A 2 ; H). 

Proof: See jSglJ, Proposition 4.13. □ 
6.3 Main theorems of Sekiguchi-Suwa Theory 

In this section, we briefly recall the main results of Sekiguchi-Suwa Theory, stated in [SSlj . One 
can also find a summary of this theory in wider generality in {MRTj . From now on, we denote by 
R a discrete valuation ring of unequal characteristics. We stress that, in contrast with Sections §[2] 
to § [5] we do not assume that R is complete and neither that its residue field is perfect. We will 
denote by tt a fixed uniformizer of R and by v the valuation of R. 

6.3.1 Definition. Let . . . ,l n be integers. 

(1) We let gW be the group scheme Spec(i?[T, l/^T + l)]) with group law T*T' = T + T' + ir l TT', 
the unique group law such that the morphism a : Spec(i?[T, l/(vr'T + l)]) — G m = Spec(i?[T, 1/T]) 
given by T 1 + tt 1 T is a group scheme homomorphism. 

(2) Let £ be a flat i?-group scheme. If there exist exact sequences of flat ii-group schemes 

g('0 _ £ i _ Zi-t — 
for 1 ^ i ^ n, with £o = and £„, = £, we call the sequence of flat -R-group schemes 

£i = g( Zl ),£ 2 ,...,£„ = £ 
or, sometimes, simply £, a filtered i?-group scheme of type (li, . . . , l n ). 

6.3.2 Remark. One can define a group scheme 9^ for each A e R, in such a way that 9^ := 9^ ^ 
is just the group scheme defined in 16.3. II In this article, we care only about the isomorphism class 
of 9^ which depends only on A up to units, so we prefer to adopt the more compact notation. 
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6.3.3 Theorem. Let £ = (£1, . . . , £ n ) be a filtered group scheme of type (1%, . . . , l n ), with k > 
for each i. Then there are compatible open immersions of £j — > A* and elements 

D i eH (A R ,O A i R )=R[T 1 ,...,T i \ 

such that, for each 1 ^ i ^ n, the Hopf algebra of £j is given by 

f 1 1 1 

T/te group law of £j zs i/ie one which makes the morphism 

(Ti, ... ,T0 — ► (1 + vr^Ti, D\(T\) + ir h T 2 , . . . , A-i(Ti, . . . , Tj_i) + tt^) 

a group-scheme homomorphism and the reduction modulo tt 1 ' +1 of the function Dj : A R —> A R 
factors into a group scheme homomorphism D^ g . : E iR/wk+1R -> G m> R/^k+iR ^ A R / w h+i R - 

Moreover ifl n +\ is a positive integer and D n : A R —> A R is a function whose reduction modulo 
-jr ln+1 factors into a group scheme homomorphism 

then 

R[£ n+1 ] := R[E n ] [r n+ i, l/{D n {T u ...,T n ) + it ln+1 T n+l ) 

is the Hopf algebra of a filtered group scheme £ n +i of type (h,. ■ ■ ,l n +i), where the group scheme 
structure is the only one which turns into a group scheme homomorphism the morphism a^ n+1 : 
£n+i — *■ (G m ,fl) n+1 which extends a^ n and sends T n +\ to D n (T\, . . . ,T n ) 

Finally, a polynomial D' n e R[Ti, . . . , T n ] with the same reduction modulo ir ln+1 as D n gives the 
same filtered group scheme up to isomorphism. 

Proof: See [SSlJ, Theorem 3.2 and Theorem 3.3. □ 

In fact one can describe very explicitly the polynomials which appear in the above theorem. In 
the next statement and in the rest of the article, we sometimes write / : X O for a map / : X — * X 
from some set to itself. 

6.3.4 Theorem. Let £ be a filtered group scheme of type (h, ■ ■ ■ ,l n ) with li > for each i. 
Then there exist elements a- e W-f(R) with 1 < i < j < n, whose reductions modulo ir* are in 
W{R/n l iR), such that 

• one can take, for any j = 1, . . . , n — 1, Dj (Ti ,Tj) as the truncation of 

E p({°i + (7r lk )i^ k< j;Ti, . . . ,Tj) 

in degree r, where T^ p ((aj +1 )i^j^j, (7r' fc )i^fc^-; Ti, . . . ,Tj\ is the series defined by induction 

nE ( a j+1 it 1 '- — ^ 
(j1 ? \ ( ' '^((ai)!^-!,^)!^-!;^,...,^-!); 

and r is the degree of the reduction of this series modulo 7r^* +1 , which is a polynomial; 
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the reduction modulo i\ i of each (a])isj«^j-i is in the kernel of the operator 

U j - 1 : WiR/ir^Ry- 1 O 
defined as follows: U 1 is defined as F^ 1 ^ := F — [V^ -1 ^ 1 ] and we define 



( p{h) 



jjn 



V 



F^ -T, 

: 







\ 



■ . —Tf,n 

n—1 

F^ 



where U(U n ) = U n and L(U n ) are defined by induction and 

6j : -J- (>> 0? _ = Cf """^'-"- ; 

• for any I e N, we have an isomorphism 

ker (U n : W(R/v l R) n o) — Hom fl/7r , fl . Gr (i*£, G m ^ R ), 

given fry 

c n .— £ p (c n , (v^)i^n, Ti, . . . , T n ), 
where i is the closed immersion Spec(R/TT l R) Spec(i?). 

Proof: Sec [SSlJ, Theorem 5.1 and Theorem 5.2. 



□ 



6.4 Sekiguchi-Suwa Theory from a matricial point of view 



Our purpose here is to introduce "simple" matrices parametrizing filtered group schemes (|6.4.ip 
and to translate in matricial terms the main operations on group schemes: quotients and subgroups 
(|6.4.5p and model maps (|6.4.7|) , In the following, we always suppose that the parameters Zj of the 
filtered group schemes we are considering are positive (li > 0). 

Let Jlf n iyV{K)) be the loop constructed in 16. 1.71 For matrices A, B e J4? n (W(K)) we will make 
use of the notations A/B and A\B as defined in 13.2.11 In a similar way as in 13.2.61 we will say that 
a matrix A in Jif n (W(K)) is positive, and we will write A ^ 0, if it belongs to J4? n (W(R)). 

6.4.1 The set To start with, we need a technical remark allowing to reformulate the con- 

gruences in Theorem 16.3.41 We consider an upper triangular matrix of the following form: 



A 



a 



\ 



IV"- 1 ] 



"n-1 



M n (W f (R)) , all k > 0. 
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6.4.2 Lemma. For each matrix A as above, let F{A) be the matrix obtained by applying Frobenius 
to all entries. Then the following conditions are equivalent: 

(1) for each j e {1, . . . , n}, the reduction of (of ) 1<i<J _ 1 belongs to W(R/ir l j and 

where tP -1 is defined by induction in Theorem 6. 3.4\ 

(2) F(A)/A 55 0. 

Note that the operator £P _1 in (1) depends only on the vectors a k e W(R) k with 1 ^ k ^ j — 1. 
Proof: In fact, we have 

/ [TrO-l)'!] ft? ^3 _ \ 



[tt^ 1 )' 2 ] 6| 



V 







] K-i 



6 JP n (W(K)) 



where the are defined as in 16.3.41 By the definition of 6j, this matrix is in J^{W(R)) if and 
only if the congruences in (1) are satisfied. It remains to prove that if F{A)/ A ^ then for each 
j the reduction of ( a i)i<j<j_i belongs to W(R/tt Ji2) 3 ' -1 . We prove this by induction on n. We 
observe that since the entries of A are in W-^-A), then this condition simply means that the entries 
of A are congruent to modulo tt, i.e. A/JV] Id is positive. For n = 1 there is nothing to prove. 
Let us suppose the statement true for n and prove it for n+ 1. Then one has 



F(A)/A 



\ 



UF(A)/UA 



(4) 



and 



F(A)/A 



\0 ... ^(p-lj/n+l] j 

( |y(p-l)/ n+ ij F (( a {)2^jHn+l)-T( £ , F(A)/£A) (a{) 2 < i j< in +l ^ 

7T 3 

LF(A)/LA 







V 







/ 



where we use the notation Tm(N) from Definition 16. 1.61 By the inductive hypothesis, the matrices 
Uj4/[7t] Id and £j4/[7t] Id are positive. Therefore it remains to prove that a™ +1 = mod tt. Since 
F(A)/A is positive and l n+ \ > then from @ we derive 



F« +1 ) = T^F^y^ia^i^n mod TT. 

Since by induction a™ +1 = mod for i = 2, . . . ,n and U n F(A)/U n A = ([vr^ 1 ^ 1 ]) with 

Zi > 0, then we have 

F{a 1 l +1 ) = [TT^-^a^ 1 = mod tt. 
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This implies that a™ +1 = mod ir. □ 

Theorems 16.3.31 and 16.3.41 imply that to any matrix satisfying the equivalent conditions of 
Lemma 16.4.21 one can attach a unique filtered group scheme £(^4). Conversely, for any filtered 
group scheme £ one can find a matrix A satisfying these conditions such that £ = £.(A). This leads 
us to introduce the relevant set of matrices. Note that if £ is given, then a matrix A such that 
£ = £(^4) is not unique. So we have to identify the equivalence relation saying that two matrices 
define the same filtered group; this will be done in 16.4.71 

6.4.3 Definition. Let n e N and I = (h, l n ) e (N >0 ) n . We define 

.^C l n := {A = (a{) e M n (W f (R)), upper triangular, a\ = [ir h ] for 1 ^ i n and F(A)/A ^ 0} 
and := IJ-^n! the union being over all I e (N>o) n - 

6.4.4 Remark. If A e then it is not necessarily the case that F{A) £ ^# n . There are 
counterexamples already for n = 2, with I2 » h- 

By Theorems 16.3.31 16.3.41 and Lemma 16.4.21 one can associate with any A e a filtered group 
scheme £(A) of type (h,... ,l n ). It is constructed by successive extensions defined by deformed 
exponentials Dj(T\, . . . ,Tj) equal to the truncation of E p ((ai +1 )i^i^j, (^ lk )i^k^j] T\, . . . , Tf) in 
degree r, where r = r{ is the degree of the reduction modulo 7r' i+1 of this series. We call Dj 
the truncated exponential associated with (a| + )i=si<7- (Note that similar truncated exponentials 
appear in the work [GrChj .) With the vocabulary introduced in the article [MRT| (see especially 
3.2 and 4.3 there), the vectors a J are frames for the filtered group £(-A), and the matrix A may be 
called a matrix of frames. 

6.4.5 Operators It and L versus quotients and subgroups. It is clear that for each A e 
and i e {l,...,n} we have U n ^ t A e and JH % A e Here is the precise meaning of the 
operators IX and £ for filtered group schemes. 

6.4.6 Proposition. Let £ = (£1, . . . , £ n ) be a filtered group scheme of type I = (1%, . . . , l n ), and 
A e For 1 < i ^ n — 1 consider the exact sequence — ► S n -i —* £n —> Q% —* where Q, := £j 
(quotient of dimension i) and S n -j := ker(£ n — > £j) (subgroup of codimension i). Then: 

(1) Qj is a filtered group scheme of type (l±, . . . , If £ = 8, (A) then Qj = £,(\i n ~ l A). 

(2) S n _j is a filtered group scheme of type (k+i, . . . ,l n ). If £ = £(A) then S n _j = £(£M). 

Proof: Assertion (1) comes from the inductive construction of £ n . For the proof of (2), we set 
%d = ker(£rf — > £j) for each d > i + 1. First, we show by induction on d that %d is a filtered group 
scheme of type (h+i, . . . , Id). The initialization at d = i + 1 is clear and the inductive step is verified 
since the morphism v& '■ £d+i — »■ £d with kernel 9^ d+1 ^ induces an exact sequence: 

gd*fi) oc d+1 _^ 3Q — > 0. 

In order to prove that S n _j = £(£M) if £ = £(A), we examine more closely the way these 
extensions are built. The extension Ed+i is constructed from Ed using a morphism Dd : £d — > i*G m 
where i : Spec(-R/7r' d + 1 i?) ► Spec(i2) is the closed immersion. This morphism is the deformed 
exponential defined by the coefficients af +1 in the (d + l)-th column of A. The extension %d+i 
is constructed from 3Q using the morphism Dj\% d : %d —* i*G m . In the coordinates Ti, ... ,Td 
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of 16.3.41 the closed subgroup scheme 3Q a £ d is defined by the vanishing of the coordinates 
Ti,...,Tj. It follows that Dd\x d is obtained from the deformed Artin-Hasse exponential by 



setting af +1 = a^ +1 
boxed middle matrix: 



a d+l 



0. Hence the matrix of coefficients that defines 3Q is the 



A = 



\ 



[7T*+*] 









In symbols, % d = £.{U n ~ d L l A). For d = n, we get S„_i = % n = £{L l A). 



□ 



6.4.7 Positive matrices versus model maps. We use the word unitriangular as a synonym for 
upper triangular unipotent. 

6.4.8 Proposition. Let £ = E(A) and £' = 8,(A') be two filtered group schemes, with A, A' e jtf£ n . 

• There exists a (unique) model map £ — > £' which commutes with ag and ay if and only if 
A/ A' > 0. In particular, the relation > in given by A > A' if and only if A/ A' ^ 0, is 
transitive. Moreover £ and £' are isomorphic if and only if A/ A' is positive and unitriangular. 

• If (p : £ — ► £' is such a model map, the morphism of groups 

ip* : Hom fl ^i fl . Gr (j*£',G m] ^i fl ) — > Rom R/w i R . Gr (i* E,G m R/n i R ) 
is given, using the isomorphism of Theorem \6. 3.4\ by the operator Tm^i . 

Proof: We prove by induction on the dimension n the following more precise statements: 

• There exists a (unique) model map £ — > £' which commutes with ag and ag/ if and only if 
A/A' ^ 0. 

• Let D\, . . . , D n _i (resp. D[, . . . , D' n _^) be the truncated polynomials determined by A (resp. 
A'). If a model map ip n : £ — > £' exists then it is given by </? n = (^i)is=i=Snj where = 
7r'i _/l and 

^ ^ A-iCTl, . . . , Tj-i) - g^XyiC^ • • • > gj-igjj • • • 
<^i(ii, . . ■ , ijj = 77 1- vr «ij 

7T 'i 

for all i > 1. 

• Write A = (a{) and A' = (a'|) in Jt n with a* = [V 4 ] and af = [7r^] for 1 i s$ n. Let 
(it>™)i;jj<c n e W^i?)™ be a vector whose reduction modulo it 1 belongs to 

ker(C/ n : W(R/ir l R) n O). 

Let ifi = 1 + -n h Ti and 
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for n > 1. Then 



E p (w n , (A . . . , ttH ¥> n (T)) = £ P (T A/A ,( W "), (tt\ • . . , T) 

x ["] G p {U^(w n ),^-,H r -i) 



(5) 



where is the r-th row of U n , and 

£ P («Wn-i ~ 2u A/UA ,(o7)i^ n _i J (A . . • ,tt^-i);T) 



n 2 ^nG' P (C/ ) n (^),^; J ff r _ 1 ) 

(T 



)) 



(6) 



Note that ([5]) implies that is given by the operator T4A4/, as asserted in the statement of the 
proposition. 

If n = 1 we have £ = S^ 1 ^ and £' = S^ 1 ^ for some positive integers In this case A/ A' > 

simply means l\ > and the above statement is known: see [SQSj . Proposition 1.4 for the first 
part and second part and [SS2], Remark 3.8 for the third part. 

We now suppose that the three statements hold true for some n ^ 1 and we prove them for 
n + 1. We have 



/ 



A/A' 



\ 



UA/UA' 



(a™ +1 )l5jis!n-TuA/ltA'(( a T +1 )l5S!s!n) 

vT, 

7T n+1 











/ 



Let Di,..., D n+ i (resp. D^, . . . , Z^J be the truncated exponentials that define £ (resp. £'). The 
model map <p n +i which we are looking for should commute with «£ and ag/, so if it exists it is 
unique. So one sees immediately that it exists if and only if there exists a model map £ n — > £'„ 
and, if we write ip n+1 = (v?i)i=£i^n+i> the polynomial 

(T rp , Dn(Ti, . . . ,r w ) - ^(yi^), . . . , ^(Tx, . . . ,T n )) lB+1 _i' lT 

vr'n+i 

belongs to i2[Ti, . . . , T ra ]. Therefore, by the inductive hypothesis, there exists a model map between 
£ and £' if and only if UA/UA' is positive, l n +i 5 s i^+i an d 



L> n (Ti, . . . ,T„) ee jD^(93i(Ti), . . . ,<p n {Ti, . . . ,T n )) mod 7r z ™+i. 
By induction we have that 

ip* : Eom R / 7 ri R . Gl (i*£(U(A')),& mjR / n i R ) — > Rom R/7r i R _ Gv (i*£.(U{A)),G m>R/7T i R ) 
is given by the operator 2\l4/iL4'- This means that the equation ((7J) is equivalent to 

Thus we have proved the first and second part of the statement for n + 1. 



(7) 



■ n+1 ) 1<i<n ee r uw (« +1 ) 1<i<n ) mod ttWx. 
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It remains to prove the formulas ([5]) and © for n + 1. But the second one clearly follows from 
the first one, so we just have to prove ([5]). Let us suppose that ([5]) is true for n and prove it for 
n+ 1. We clearly have 

E p ((w? +1 ) Mn+1 , (tt\ . . . ,vr^),^ +1 (T)) = 

^n+l(T) 



(8) 



Moreover, by induction 

£ p (« +1 ) ls ; lS : n , (vr'S. . . ,7r^),^(T)) = ^(T UA/UA ,« + 1 ) ls ; is ; n , (A. . . ,7T^),T) 

x G p ([/ r ™((^- +1 ) 1 ^ n ),7r zV ; J ff r _ 1 ). ( 9 ) 



2sCr^n 

Now 



P V n+1 ' 'E^a'^^^^^n^J H 



(2) 



E p <+} , ,ff n GJ F^ 1 io^+J, tt^ 1 , tf r 



EJT,n+u t id"^.^ 1 ,....^");! 



n+1 



< E (t , m n+1 Jn+i. Tn+l "\ 



n(7 ( — Trmr n^ 1lj n + 1 TT ln + 1 ' H Ad ( F / ™+ll/i n + 1 7A+ 1 ff 



X 
r=2 



where in the last equality we have used Equation © , Lemma 16.2.61 Lemma 16.2.91 Equation ([3]) 
and the fact that E p (W,A,H) gives a bilinear group scheme homomorphism W&i x A A i — ► A A i. 
Now using ([8j) and ([9]) one gets the result. 

Finally we remark that if A/ A' ^ and A' /A ^ then necessarily A/ A' and A' /A are unitri- 
angular, as it is very easy to verify. □ 



The order relation > from the previous proposition induces an equivalence relation on ^i n : 

6.4.9 Definition. For any A, A' e we write A ~ A' if and only if A/ A' is positive and 
unitriangular. 

This relation characterizes when two matrices in define the same filtered group scheme: 

6.4.10 Corollary. The map A t— > £(A) induces an increasing bisection between the set ~ 
ordered by the relation > and the set of isomorphism classes of filtered group schemes of dimension 
n ordered by the existence of a model map. 
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7 Kummer group schemes 



In this section, following Sekiguchi and Suwa's approach, we specify Theorem 16.3,41 for filtered 
-R-group schemes containing a model of fi p n . The main result (|7.1.1I below) is a generalization 
of Theorem 9.4 of [SSlJ, which covers the particular case where the finite flat subgroup is the 
constant group scheme (Z/p n Z)/j. As it turns out, the main difficulty is to find the statement of 
the generalized theorem, for then the proof of [SSI I carries over smoothly. 

We point out an important fact: the computation of successive extensions by groups S^, which 
is the essence of the existence of filtered group schemes, proceeds differently when / > and when 
/ = 0. The former case is treated by Theorem 17. 1.1 1 and we indicate in Remark 1 7 . 1 . 4 1 how to handle 
the easier case I = 0. 

7.1 Finiteness of closures of finite fiat subgroups 

Let £ = £ n be a filtered group scheme of type . . . ,l n ). Let a : £ - 
filtered i?-group schemes which is an isomorphism on the generic fibre 
be the morphism defined by 

e"(T\, . . . ,T n ) = (2* If Tf 1 , . . . ^T-},). 

The kernel of Q n is a subgroup isomorphic to fJ, p n r which we call the Kummer fi p n o/GJ^. Via the 
map a, we can see the Kummer [i p n^ as a closed subscheme of £.k- We define the pre-Kummer 
subgroup G n as the scheme-theoretic closure of [i p ™,k in £> and we call it the Kummer subgroup 
when it is finite over R. In spite of the notation, G n depends on the choice of a (see Theorem l6.3.3D . 
If G n is finite, then the quotient H n is a filtered group scheme and the quotient map \I/ n : £ n — ► 1 n 
is an isogeny. In this case, for each \i e R we have a pullback map 

(<J n )* : Hom i?; / Mii . Gr (g> 1 ,G m ) — > Hom fl/)jfl . Gr (£ n , G m ). 

We know by Theorem 16.3.41 that using the deformed Artin-Hasse exponentials, the groups on both 
sides may be identified with suitable kernels of additive operators U n on Witt vector groups. Once 
this is done, Sekiguchi and Suwa express (ty n )* by a matrix called T n . Let us give some details in 
the case n = 1 that initiates the induction. Then we have £i S^ 1 ^ and the closure of [x p .k is finite 
flat if and only if v(p) > (p - l)h, see e.g. [MRTj . Lemma 5.1.1. Moreover 3"i = £i/Gi ~ S^ 1 ) 
and one may check that the pullback ('I' 1 )* is expressed by the one-term matrix T 1 = (T p [ Xl y X p). 

Note that the operator T p ^ Xi y X p indeed takes the kernel of F^P 11 ^ into the kernel of F^ ll \ see [MRT], 
Lemma 5.2.8. Let us come back to an arbitrary dimension n. 

In this setting, we can characterize the situation where the pre-Kummer group scheme G^+i 
inside a filtered group scheme £ n +i is finite and flat. In the statement below, we will denote by U l 
the matrices involved in the construction of £ n like in Theorem 16.3.41 and U l the matrices involved 
in the construction of 3~ n (this is the notation of |SSlj ). Note that the inductive construction of 
U n is included in the statement of the theorem via the vectors u n . 

7.1.1 Theorem. Let n > 1, I = . . . , i n +i) with U > for each i, and A e Let 
£ = £(^4) = (£i, . . . , £ n +i) be the filtered group scheme of type I defined by A. Assume that 
G n c £ n is finite flat. Then, the following conditions are equivalent: 

(i) G n+ \ is finite flat, 



* (G m ) n be a morphism of 
Let 6" : (G m ) n - (G m ) n 
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(ii) v{p) > (p — l)l n+ \ and there exist vectors u n+1 and v n+l in W* (R) n , with the reduction of 
u n+1 modulo vrP^+i lying in ker(U n : W(R/ir pln+1 R) n O), such that 

pa r l +1 - c™ +1 - {T l u n+l )i = -k^+Kv^ 1 

for alll^i^n, where c 2 = c\ = [vr Zl ] e W(R), c n+1 = (a n , [ir ln ]) e W{R) n for n > 2, with 
a n = (a")i^j< n . 

In t/iis case, the filtered group scheme 3~ n +i = £ n +i/Gn+i zs obtained from Z n /G n using the de- 
formed Artin-Hasse exponential defined by u n+1 . Moreover, if ^ n+1 : £ n+ i — » 9"„,+i is i/ie induced 
morphism and if fj, e -R\{0} then the morphism 

, G m ) — » Hom/j/ M ^-Gr(£n+l, G m ) 

is given by 

T n+1 = [ T n T„n + 1 

y ... T^ln+iy^ln+x 

Proof: We make an induction on n. It is convenient to set £o = {1} and to start the induction at 
n = 0, in which case the result is known (see e.g. [MRT| . Lemma 5.1.1). For the last statement 
we will prove something more precise. Write £ n +i = S,(A) and 3~ n+ i = £(-B) with A = (a|) and 
B = (uf) in ^ n +i with a\ = [n *] and u\ = [7r pli ] for i = 1, . . . , n + 1. Let 

K := {l + -K h T x y = E p (p[* ll ln h , T l) 

and for r ^ 1 let 

K = (^ P (a r+1 ,(7r'')i^ r ,T)+7r^r r+1 )P 

Given w n e whose reduction belongs to ker(C/ n : W (R/ fj,R) n O), we will prove that 

J E p (^ n ,(^ 1 ,...,7r^"+ 1 ),^ n (T)) = 



(10) 

— ¥ \ " 7" \ — 3 ' — -L / j 



where E7? is the r-th row of C/ n . Since G p (C/"(w n ), vr^' ; K r _i) e 1 + TR[[T]] for each r ^ 1 ([SSl], 
Prop. 9.3), Equation (fTU|) implies 

For n = 1 the formula (|10p follows from 16.2.61 and ([2]) . We now suppose that the theorem and the 
formula (]10p are true for n — 1 and we prove them for n. We do this in three steps (a)-(b)-(c). 

(a) We prove that (i) is equivalent to (ii). Among the objects constructed inductively at the same 
time as the filtered groups £ n ,!F n , we consider the polynomials D r ,D' r (truncated exponentials 
associated respectively to £ n and 3~ n ) and the isogenies ty r : £ r — > 3>, for 1 < r ^ n — 1. We also 
introduce the notation: 

Cn+1 = C n+ i(Ti, . . . ,T n+ i) := (Z) n (Ti, . . . ,T n ) + V"+ 1 T„ +1 )P(D ri _ 1 (T 1 , . . . ,T n _i) + Tr^T*)" 1 . 
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We have K[G n+ i] = K[G n ][T n+ {]/ (C n+ i — 1). Assume that G n+ \ is finite over R; then it is finite 
over G n . It follows ([Ei], Prop. 4.1) that C n+ i -1 = mod TT pln+1 and 

R[G n+1 ] = R[ Gn ][T n+1 ]/(^-=^). (12) 

In particular C n+ i, seen as an element of }Iom R ^ P i n+1 R (G n , G m ), is the trivial morphism. If we 
apply the functor Hom R , P i n+1 R (— , G m ) to the short exact sequence 



i ty n 

> G n ■+ £ n * 3~ n 



we obtain a long exact sequence 



► Hom R ^ P i n+1R (3 r n ,G rn ) — ► H.om R ,^ P i n+1R (E n , G m ) — ^ Hom R ^ P i n+1 R (G n , G m ) > . . . 

As we noticed before, the element C n +i lives in ker(i*) and hence is equal to ( 1 3/ n )* {D' n ) for some 
D' n e Hom R ^ P i n+1 (3~ n+ i, G m ). Now we use the description of groups of homomorphisms from a 
filtered group scheme to G m in terms of vectors, as given by the third point of Theorem 16.3.41 Let 
u n+1 e W(R) n be a lift in W(R) n of a vector corresponding to D' n . The equality 



c n+1 = (\P n )*TO 



translates to n equalities pa™ +1 - c" +1 = (T n u n+1 )i in W (R/<n pln+1 R) n , for 1 ^ i ^ n. Lifting this 
to M^(i?) ?1 shows that (ii) holds. Conversely, if (ii) holds then C n+ \ is of the form (ty n )* (D' n ) for 
some D' n , hence it has trivial image under i*. Thus C n+ \ = 1 mod Tr pln+1 and the expression (|12() 
defines a finite flat group scheme G n+ \ over R. 

(b) Let 3~ n+ i = E n+ i/G n+ \. Now we prove that 3~ n+ i = 3~^ +1 where 3 r ' n+1 is the filtered group 



scheme obtained from 2F n using the vector u n+1 . The i?-algebra of 3~^ +1 is 



+1 ^ ^n+] 

+1 



i2[^„][T n+ i, + 7r p '"+ 1 T ri+1 )]. 

where e i2[Ti, . . . ,T n ] is the truncation of £ p (it n+1 ) n"=i E p {u n + 1 ,^ , Tj/Ep^u*' 1 , (vr^), T)) 
as defined in Theorem l6.3.4[ Let $1, . . . , *$> n be the polynomials defining the isogeny ^> n : £ n — > 3" n . 
Let 

. . . ,tj - ^ ( (^g^I±^w _ D , ( , im _ . . . ^ , 

Then the morphism i?[9~ n+ i] — > i?[£ n+ i], Tj h-> ^(Ti, . . . , Tj) defines an isogeny £„+i — >■ 3~^ +1 with 
kernel Therefore 3~ n+ i is isomorphic to 3~^ +1 as a filtered group scheme. 

(c) We now prove the formula (llOj) . We have 

£ p (w n+1 , (vr^ 1 , . . . , vr pZ " +1 ) , (T) 

n + i pWl ^ + i( T ) > \ (13) 



E p (vr pil , . . . ,7^»), * n (T)) £ p 

By the induction hypothesis we have 

f7 J ,f« +1 ) 1<r<nj (^ 1 ,... J 7r^) ) * n (T 



J B p ( U «+ 1 ,(vrSi^„;^ n (T)) 



^(t™^ +1 ,(^,...,vt^),t) [] G p (^(W +1 )^„),/» +1 ,if r -i). 



(14) 
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Moreover we have 



" \ "- 1 ■ '^(^+1,(^)1^^; *»(T)) ; p v n+1 ' ' 



K T, 



p ^ -t ( pa n_ e n-l_ T n u n + l) 



<^,(^,...,^);T) 



x n GJ- T v n un+1 wlX\, tt^; Kr-^\ 



G p (F ( - ln +^w^+l,7r pln+1 ;K n 



where in the last equality we have used Equation (llip . Lemma 16.2,61 Lemma 16,2.91 Equation ([3]) 
and the bilinearity of E P (W,A,H) : W A i x A A i — > A A i, see 16.2.51 Now using Equations (p~3|) and 
P%|) one gets the result. □ 



7.1.2 Definition. Let £(-4) = (£i,...,£ n ) be a filtered group scheme. We say that A satisfies 
the integrality conditions if for any 1 ^ i ^ n, the upper left square submatrix U n ~ l A of A satisfies 
the conditions (ii) in Theorem 17.1.11 applied to an i-dimensional matrix. 

In other words, A satisfies the integrality conditions if and only if the pre-Kummer subgroups 
Gi are finite flat in £j, for 1 < i < 71. From the proof of Theorem 17,1,11 we deduce an explicit 
formula for these models of n p n t K- 

7.1.3 Corollary. Let £ n = 8>(A) be a filtered group scheme given by a family of parameters 
A = (aj) satisfying the integrality conditions. Let Z?i(Ti) e iipi] be any lifting of E p (a1, -zr' 1 , T\) 
mod TT h , . . . , and D n -i(Ti, ... , T n _i) e R[Ti, ... , T n -{\ be any lifting of 

E p (a n , (iT h , . . . , tt'"" 1 ), T u T n _i) mod n ln 

as defined in Theorem \6.3.4\ Then G n is a finite flat R-group scheme, defined in affine n-space in 
coordinates T% , . . . , T n by the n equations: 

(1 + TIPTOP - 1 (Dl +7T h T 2 )P(l + TT h T 1 )- 1 -1 

{Dn-i + ir l "T n )P(D n _ 2 + Tr^-^Tn-i)- 1 - 1 
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Proof: This is a translation of Theorem 17.1.11 



□ 



7.1.4 Remark. In the statement of Theorem 17.1.11 it is assumed that h > for all i. Here is what 
to do so as to obtain a description of all Kummer group schemes, including the case where some It 
vanish. We make some preliminary observations. First, as it is easy to see from the case n = 2, the 
type of a Kummer group is necessarily ordered: l\ ^ li ^ . . . ^ l n (see 18.2.51) . Second, there are no 
nontrivial extensions of a filtered group scheme by G m (see [SS1| . Prop. 3.1). Third, it is easy to see 
that the only Kummer group scheme of (G m ) n with type (0, . . . , 0) is fj, p n. After these preliminaries, 



it remains to see how to describe Kummer groups of type I with l\ > . . . > l r > l r+ \ 
Such a Kummer group G lies in a filtered group £ 
V = (h, . . .,l r ). We define £(A) := £ when 



lr. 



0. 



G"- r x £'(A') where E'(A') is filtered of type 



A 



A' 



V 



with V unipotent in M n ^ r (W^ (R)) (therefore equivalent to the identity, since invertible: use Lemma 
I6.1.4p . Moreover, G is an extension of a finite flat Kummer group Q of £' by fj, pn -r. Using the 
same argument as in [To2j . Prop. 3.6 there is an exact sequence: 







ljp rr L — ►Ext 1 (G',/v-r 



H\S, (G' 







where S = Spec(i?) and (G") v is the Cartier dual of G' . Then with the same proof as in [To2j, 
Cor. 3.20 we see that the Kummer subgroups of £ are given by the image of 1 e Z/p r Z. They have 
the following ring of functions: 



R[G] 



R[G'][T r+1 ] 



7.2 Matricial translation of the integrality conditions 

We translate the previous results on Kummer group schemes in terms of matrices, in order to 
emphasize the formal similarities with the classification of models of fi p n by their Breuil-Kisin 
lattices in 14.2.21 Up to now in Sections £}6] and £J71 we followed Sekiguchi and Suwa's notation a] 
for the entries of matrices. However, in order to compare the parameters with those of the Breuil- 
Kisin classification, we will henceforth write a^. In the statement of the following result, we use 
the operator 5 introduced in 14.1.41 

7.2.1 Theorem. Let G be a Kummer group scheme. Then there exists 1= 
upper triangular matrices 



( [TT h ] Ola a i3 

W 2 } a 2 3 



A 



dir. 
a.2r. 



\ 



V 



( [K ph ] 



D 



613 

&23 



,l n ) 6 (N) n and 

bin N 
b2n 



[TTPJn-l] 



bn—l,n 



with entries in W* (R), satisfying 
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(1) F(A)/A > 0, F(B)/B > 0, 

(2) (pA - mA)/B Ss 0, 

such that G is the kernel of an isogeny 8>(A) — * Moreover when A is chosen, B is unique 

up to the equivalence relation ~. 

If there exists A and B as above then £(A) contains a finite and flat Kummer subgroup scheme 
G and E/G ^ £(S). 

Proof: Let us first suppose that (h, . . . ,l n ) = (0, ... ,0). Then the unique Kummer scheme of 
type (0, . . . , 0) is fx p n. In this case any matrix as in the statement is unipotent and so is equivalent 
to the identity, since it is invertible. Therefore such a matrix gives rise to the group scheme 
Conversely A = B = Id satisfy the conditions of the theorem. 

We will now suppose that all the li are all strictly positive. The case with some Zj equal to zero 
can be deduced form this one using Remark 17.1.41 

By definition of a Kummer subgroup, it is embedded in a filtered group scheme 8. (A), for some 
A e of type I. Moreover by 17.1.11 it is easy to see that 

pA - TUA = V n + T B n 

where the matrices B n , V n are defined by induction: 

/ 

B n +i = 



B„ 



u 



n+1 



[7T pi "+ 1 ] J 



and 



Vn 



n+1 



Vn 



,71+1 



p|V"+ 1 ]/7rP'™+ 1 / 



with u n+1 and 



,n+l 



as in the statement of Theorem 17,1. II It follows from the same theorem that 



E(A)/G ^ £(-B). Similar argument for the converse. 



□ 



7.2.2 Remark. One significant difference between this theorem and Theorem 14.2.21 is that here 
we do not provide a normal form, or distinguished choice, for a matrix A defining a Kummer group 
scheme. Theorem 14.2.21 suggests that maybe one could choose a pair (A,B) of the form [A,F{A)). 
This is true for instance for n = 2 and at least in some cases for n = 3, as we will see in the next 
section. 

This theorem should be seen as the analogue in Sekiguchi-Suwa Theory of Theorem 14.2.21 in 
Breuil-Kisin Theory. 

8 Computation of Kummer group schemes for n = 3 

In this section, we apply the general theory to compute some Kummer group schemes for n = 3, 
that is to say, those models of // p 3 constructed using Sekiguchi-Suwa Theory. From the start, we 
see that the complexity of the computations with Witt vectors is a serious obstacle. In fact, the 
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difficulty increases with the number of nonzero coefficients of the vectors. It is therefore interesting 
to know if in Theorem 17,2.11 we can choose matrices A and B with "short" Witt vector entries. 
The results of [To2| show that in the case n = 2, any Kummer group scheme may be described 
by matrices A, B such that A has Teichmuller entries. We could not settle the question whether 
this is possible for all re, but in our opinion it is not very likely. It is much more plausible that A 
may be chosen with entries of bounded length; more precisely, it seems reasonable to hope that 
each Kummer model of /i p n may be defined by a matrix A all whose entries are Witt vectors of 
length at most n — 1. However, it is probably impossible to make simple choices simultaneously 
for A and B, which means that one should not make a priori assumptions on B. Because of these 
remarks, here we compute the Kummer groups defined by matrices A, B e such that A has 
Teichmuller entries and B is arbitrary. 

Even though this is not essential, it will simplify matters to assume throughout that p ^ 3. 
Recall that R is a discrete valuation ring of characteristic 0, residue characteristic p, uniformizer ir, 
valuation v and v(p) = e. For / ^ 1, we denote again by v the induced valuation on R/ir l R. 
Whenever the context does not allow confusions, we keep the same notation for a Witt vector 
a = (do, ai, . . . , cii . . .) £ W(R) and its image in W{R/ir l R). Following the comments at the 
beginning of 17.21 and the notation in 17.2. H in this section we will write a,ij the entries of the 
matrices. 

8.1 Two lemmas 

We collect two easy lemmas for future reference. 

8.1.1 Lemma. Let I ^ 1 be an integer. Then the following statements hold. 

(1) If pe ^ (p — 1)1, then for any ae ker(F : W(R/tt 1 R) O) we have v(ai) ^ l/p for all i ^ 0. 

(2) For all a,be W(R/tt 1 R) such that v(ai) ^ l/p and v(bi) ^ l/p for all i ^ 0, we have a + b = 
(d + b ,a 1 + 61, . . . ). 

Proof: This is Lemma 2.4 of [To2| . More precisely, (1) and (2) are proven in the proof of loc. cit. 
and the assertion of Lemma 2.4 itself is a combination of these statements. □ 

8.1.2 Lemma. Let X = (Xq, X\, X 2 , ■ ■ ■ ) and Y = (Yq,Yi,Y2, . . . ) be sequences of indeterminates 
and So, S\, S2, ■ ■ ■ the polynomials giving Witt vector addition (see \3.1\) . 

(1) If the variables Xi,Yi are given the weight p 1 , then the polynomial 5 n (X,Y) e Z[X,Y] is homo- 
geneous of degree p n . 



(2) We have 5 (X, Y) = X + Y 



S , i(X,Y) = 5 (X 1 ,F 1 ) + ( ri(Xo,Fo) with <xi(X ,Y ) 




(X + Y )p 



P 



and 



with 



5 2 (X,Y) =S (X, 



o-2(X ,Y ) 



2, Y 2 ) + ai (X! ,Y 1 ) + a 1 (X x +Y 1 ,a 1 {X ,Y fj + a 2 (X , Y ) 
v , _ Xf + Yf - (X + Y f - pa^X^YoY 



(3) We have ai{X,-Y) 



Oi (X, Y - X) and a { (X, -Y) = a t {X,Y - X). 
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(4) For any I ^ 1, a, b e R/tt 1 R and i = 1, 2 we /lave: 





where €2, £3, £4, • • • are principal p-adic units. 

Proof: (1) is obvious and well-known, (2) is a simple computation, (3) is proven in !3.1.4| (4) follows 
from (2) with the help of the binomial theorem, and (5) is proven for example in Lemma 5.2.1 



8.2 Computations for n = 2 

As already said, the case n = 1 is well-known (see for instance [MKT] Lemma 5.1.1). All the models 
of fi Pj K are given by certain group schemes, called G w i tl with I e N such that ^ I. If I = 
we obtain the group scheme f/, Pt R a & m . One proves (see |To2j § 1) that there exists a model map 
between G^i 1 and G n m } i if and only if I ^ m. Using Lemma |4.1.8| this implies that for models of 
fj,p ; K> the covariant equivalence of Kisin described in § 12.11 is given by G n i x >— ► We recall 

that the matrix associated to the Breuil-Kisin module u k[[ii\] is the lxl matrix (u ). 
We now consider the case n = 2. First we recall the following lemma. 

8.2.1 Lemma. If G is a Kummer group scheme of type (Zi,^) then l\ > I2. 

Proof: If G is of type (Zi, I2), it is an extension of G 1T i 1 1 by G n i 2 1 so the result follows from [To2j, 
Lemma 3.2. Another way to see this is to argue that bv !2.3.3l there is a model map G^ 1 — * G n i 2 1 
and this forces l\ ^ 1%, as recalled above. Finally, in the case Zi, Z2 > one can also obtain the 
lemma using Theorem 17.2.11 □ 

Now fix li, I2 > 0. We consider a matrix 



8.2.2 Lemma. The condition A e ^2, that is to say F{A)/A ^ 0, is equivalent to the congruence 
F^ ll '(ai2) = mod7r' 2 . Moreover let 



of [MKT] . 



□ 





Then a\ 



■12 — 



a±2 mod 7r' 2 if and only if A' e ^2 o-nd £>(A) ~ t{A'). 



Proof: By definition we have F{A)/ A ^ if and only if there exists a positive matrix 
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such that F(A) = C+tA. The equality of entries in position (1,2) gives F^ ll \ai2) = -k 1 ' 2 .c\2- This 
is equivalent to F^ ll \ai2) = in W(R/ir l2 R), which is the first assertion. In order to prove the 
second assertion, let A' e M 2 (W* (R)) be as in the statement. If a' 12 = a\ 2 mod 7r' 2 , then: 

(i) F^)(a' l2 ) = F^(a l2 ) = modvr' 2 , 

(ii) there exists r e W(R) such that a' 12 = a\2 + iT l2 .r, so A' = D *t A with D = (q ^). 

By (i) and the first assertion of the lemma we have A' e and by (ii) and Prop. 16.4.81 we 
have E.(A') E(A). Conversely if A' e Jt 2 and E(A) ~ £(A'), then by Prop. EM] there exists a 
unitriangular matrix D as above such that A' = D *t A. It follows that a' 12 = ai2 + vr' 2 .r and 
a' l2 = a>\2 mod 7r' 2 . □ 

Now we use Theorem 17.2.11 in order to tell exactly when A gives rise to a model of /j, p 2 , in the 
case A is a matrix with Teichmuller entries. 



8.2.3 Proposition. Let 

|V 2 ] 



A :-- 



be a matrix with Teichmuller entries and l\,l 2 ^ 0. Then A belongs to j$ 2 an d &(A) contains a 
finite flat Kummer subgroup G if and only if 

(i) ^>h> k, 

(ii) a\ 2 = mod 7r' 2 , and 

(iii) pa 12 - n h - -^^(auy = mod vr^ 2 . 

In such a case, we have S.(A)/G ^ £.(F(A)). Moreover, if we set D\{T) = Xifc=o a i2^'V^!; then 

[I + n h Ti)P - 1 (D^Tl) + ir h T 2 ) p {l + tt 1 ^)- 1 - V 



G = Spec [R[T 1} T 2 ] f ^ ^ . ^ 
Finally G depends only on the reduction of a\ 2 modulo tr l2 . 

Proof: If Zi = or l 2 = 0, the result comes from the case n = 1 (see I7.1.4P and is easy so we 
suppose that h,l 2 > 0. By Theorem 1 7 . 1 . 1 1 and Lemmas 18.2.11 and 18.2.21 the matrix A gives a finite 
flat Kummer group G if and only — 5j > l\ ^ l 2 , F^ ll \[ai2]) = mod ir 1 ' 2 and there exists a vector 

u = u\2 £ VW(.R) with reduction in ker(i^i) : W^iZ/vr^i?) O) such that: 

p[a 12 ]-[ir h ] = T p[7Th]/7rPh (u) mod^' 2 . (15) 
Since l\ ^ I2, the congruence F {ll) {[a l2 ]) = mod 

7r' 2 is equivalent to a\ 2 = mod tt 12 . It remains 
only to prove that (fT5j) and (iii) are equivalent equations. 

First, let us consider the left hand side of the congruence (iii). Using the expression p = 
(p, 1 — pP^ 1 , . . . ) e W(R) recalled in 18.1.2( 5) and the minoration v(a\ 2 ) ^ h/p, we find: 

p[ai 2 ] = {pa 12 ,(l-pt>- 1 )(a 12 ) P AO,---)eW(R/Tr ph R). 

Since p ^ 3, we have v(p p ^ 1 ) = (p — l)e ^ (p — l) 2 l2 5= pfe- Thus in fact: 

PM = (pai2, («12) P , 0,0,...) mod vr p ' 2 . 
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Using Lemma I8.1.1l f2) we obtain 

p[a 12 ]-[iT h ] = (pa 12 -^,(a 12 ) p ,0,0,...) mod n pl \ (16) 
Now let us turn to the right hand side. We set lv := (p-ifa ■ I n the same way as before, we obtain 

^1 = ( W> 1,0,0,...) modvr^. 

It follows that T p[n i l]/7TPh u = [u]u + Vu in W(R/tt p12 R). Now note that in W{R/n ph R) we have 
ker(i< 1 ^ 1 ^) = ker(i ? ), so it follows from Lemma 18.1.1( 1) that 

u = mod 7r' 2 , 

hence also 

[u]u = Vu = mod 7r' 2 . 
Thus by Lemma 18.1.1( 2). their sum in W(R/ir pl2 R) is computed componentwise: 

T^lm^U = (uJU ,UJ P Ul + n ,W p2 U2 + til, 0^143 + u 2 ,...J. 

Since u has finitely many nonzero coefficients, we may call u k the last of them. It follows from the 
above that 

{paw - TT h ,(ai 2 ) p ,0, . . . ) = (u)u ,u) p ui + u ,co p2 u 2 + ui, . ..u p3 u k + u k -i,u k ■■■ J • 

This is possible only if k = 0, hence u = (uq, 0, . . . ) = [uq] in W(R/tt p12 R). Now if we identify 

T p[7T'i]/nPhU = (uu ,u , 0,0, . . . ) = (pan - n h , (ai 2 ) p , 0, . . . ), 
we obtain no = (ai 2 ) p mod n pl2 and the congruence 

P ai2 ~ nb ~ ^m^ P = mod nPh - 

This finishes the proof of the first assertion of the proposition. As a bonus, we see that u = ^([012]) 
is a solution to f)15f) . Then Theorem 17.2.11 shows that £.(A)/G ^ E(F(A)). The final expression for 
the function ring of G follows from the general theory, which of course provides also the group law. 
The final statement follows from the above lemma. □ 



8.2.4 Remarks. (1) In the set of conditions (i)-(ii)-(iii) of the proposition, the inequality l\ ^ l 2 
is a consequence of the rest. Indeed, if we assume the three conditions satisfied except that l\ < l 2 , 
it is clear that (iii) has no solution. 

(2) We recover, with essentially the same proof, all the group schemes exhibited in Tossici's paper 
[To2]. In loc. cit. it is also proven with some more work that if l 2 , a\ 2 ) and (h, l 2 , a' 12 ) give rise 
to isomorphic group schemes then a\ 2 = a' 12 mod tt 1 ' 2 , and that all models of ji p 2 are obtained in 
this way. Moreover Proposition 3.34 in loc. cit. can be complemented by saying that the existence 
of model maps corresponds to the divisibility between their matrices (with Teichmiiller entries). 
All these things works also in characteristic 2. 

The following remark is the equivalent of 14.2.31 
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8.2.5 Remark. The above results for n = 2 have consequences for general n. Let G be a finite 
flat Kummer group scheme in a filtered group scheme £(A) of type . . . , l n ) e N n . Then 



(1) iri^h, 

(2) h>l 2 > 



(3) if a i i+ i 




'»,»+!> w i,i+l> ' ' ' ' "i.i+l' 



. . . ) then 5 s h+i/p for all i, A;. 



In fact point (1) is already known (first sentences of I8.2[) . For n = 2, point (2) follows from 
Lemma 18.2.1 1 and point (3) follows from Lemmas 18.2.21 and 18.1.1( 1). The statement for arbitrary n 
follows simply by considering the n — 1 subquotients of G of order p 2 , whose matrices are the 
diagonal blocks of size (2,2) of the matrix A (see Proposition 16.4.8]) . 

8.2.6 Comparison Sekiguchi-Suwa Theory / Breuil-Kisin Theory for n = 2. The existence 
of a link between these two theories was already known in |To2] . Appendix A but in a less precise 
way. Explaining it in details using our formalism will give an idea of what the problems are for 
n > 2. We shall construct an explicit bijection between the set of matrices parametrizing models of 
fj, p 2 viewed as Kummer group schemes, and the set of matrices parametrizing Breuil-Kisin lattices. 

We recall the setting: R is a complete discrete valuation ring with perfect residue field k, totally 
ramified over W{k). We fix a uniformizer ir e R and we call E{u) its minimal polynomial over K, 
so that u i — ► 7r induces an isomorphism W(k)[u]/(E(u)) ~ R. Note that since E(u) is Eisenstein, 
we have E{u) = u e + p [Ei(u)] mod p 2 with E\{u) e k[u], deg(£i(ii)) < e and Ei(0) 0. 

The central point in the dictionary between the two theories is the map (— )* : — > R 
sending a power series c = Xl£o c * nJ to c* = Xi£o [ci] 71 "*- ^ is an isometry for the -u-adic distance 
on the domain and the 7r-adic distance on the target, which means simply that f = g mod u l if 
and only if /* = g* mod tt 1 , for all I ^ 0. Moreover, we have the property (u ra c)* = ir n c*. For 
each / ^ 1, the map c <—>■ c* induces a map feftij/u k[u] R/n R which for I < e is an isomorphism 
of rings but is neither additive nor multiplicative in general. Now, using (— )* we map any matrix 



We claim that A is a /x-matrix if and only if A* gives rise to a model of fx p 2. In order to prove this, 
we just have to check that the congruences in the two columns correspond to each other: 




to the matrix 




Breuil-Kisin (c/E2H> 



Sekiguchi-Suwa (c/ !8.2.3j) 



p— i 1 z 



A- 5= h > h 



(a 12 ) p = mod u h 



(al 2 )P = modvr' 2 



u e a\2 + E\{u)u 1 — u' 



,e-(p-i)h( 0l2 )P = o mod n ; 



pa* 2 - tt' 1 - - 



(p-i)ii 



(a^ 2 ) p = mod vr^ 2 
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Since l 2 5= e, the equivalence between the congruences in the second line comes from the 
isomorphism k [u]/u l k [u] ~ R/ir l R. It remains only to prove the equivalence of the congruences in 
the third line: this is not immediate since R/ir pl2 R is not isomorphic to k[u\/u pl2 if pl 2 > e. So we 
look at the image under c >— > c* of the Breuil-Kisin congruence 

u e a 12 + E^u 11 =u e - (p - 1)ll (a l2 ) p mod/ 2 . (17) 

We compute the image of both sides. Since, for a, /3 e k, the difference [a + f3] — [a] — [/3] e W(k) 
is a multiple of p, one sees that the difference between (u e a\ 2 + Ei(u)u l1 )* and 7r e a* 2 + [Ei](Tr)ir l1 
is a multiple of pir e . Hence using the fact that 2e > pl 2 we see that 

{u e a 12 + Si(u)^ 1 )* ss 7r e at 2 + [^iKvr)^ 1 mod Tr ph , 

where [£i](7r) is the evaluation of the polynomial [E\] at u = it. Now using val u (ai2) h/p and 
> ?2) one sees using the binomial theorem that ((ai2) p )* = (a*2) p mod 7r p ' 2 . Putting things 
together, it follows that the image of the congruence (|17p is: 



vr e at 2 + [£1] (vr)^ 1 = vr 6 -^- 1 )' 1 {a\ 2 ) p mod vr pi2 . 

Since E vanishes at u = tt, we have ir e + p[Ei] (it) = mod p 2 (beware that [Ei (u)] evaluated at 
u = it is [£/i](7r)). Given that p 2 = mod ir pl2 , we may replace 7r e by — p[£ ; i](tt) in the previous 
congruence and obtain: 



p[E^)a\ 2 - + -^-[E^^Y = mod vr p < 2 . 



Since [£i](7r) is invertible mod 7r p ' 2 , this is indeed equivalent to the equation on the Sekiguchi-Suwa 
side in the third line. Our claim is thus proved. 

As we noticed in I8.2.4f 2) , the results of px>2] imply that in fact the matrices with Teichmiiller 
coefficients that we are considering above on the Sekiguchi-Suwa side are in one-one correspondence 
with the models of Since the map A 1— ► A* also preserves divisibility between matrices, it 

follows that we have set up a covariant equivalence between the category of /i-matrices and the 
category of models of n p 2^. We have not proven that this equivalence is the covariant equivalence 
constructed by Kisin, but it seems natural to conjecture that they are indeed the same. 

8.3 Computations for n = 3 

Fix h,l 2 ,h > 0. We consider a matrix: 

( [tt' 1 ] 012 013 ^ 
A= [tt 12 ] a 23 eJ%(Wf(R)). 
\ [tt' 3 ] j 

8.3.1 Lemma. The condition A e i.e. F(A)/A ^ ; is equivalent to the congruences: 

(1) F^)(a 12 ) = mod V 2 , F(' 2 )(a 23 ) = mod V 3 , and 

(2) F^\a 13 ) =T F(h)(ai2) (a 23 ) mod 7^. 
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Moreover if A' = (a'ij) e ^#3 then £(A') ^ £(A) as filtered group schemes if and only if a 12 
a i2 6 W(R/ir h R), a' 23 = a 23 e W(R/ir h R) and 



a 13 = a i3 + ^a' 12 -a 12 ( o 23 ) mod vr' 3 . 



(18) 



7/^4 has Teichmiiller entries [ay] and h ^ I2 ^ h then F{A)/ A ^ is equivalent to the congruences: 

(1) a^ 2 = mod 7r' 2 , 0^3 — mod 7r' 3 , and 

(2) 7r' 2 a? 3 = a 23 a? 2 mod n h+h . 

Moreover if A' = ([a'y]) e J#3(W f (R)) wt/i a'** = i/ien A' e and £(A) Z(A') as filtered 
group schemes if and only if a' 12 = 012 mod it 12 , a 23 = a 2 3 mod 7T 3 and 



r / i r n f(«12 - 012)0231 j U 

ai 3 J- ai 3 J = [ r J mod n 13 . 

IT 12 



(19) 



8.3.2 Remark. Here is a remark for later use. Let us suppose that pe ^ (p — l)/ 3 and /i,/ 2 ^ I3. 
Let aj3 = (a° 3 , a} 3 , . . . , a^ 3 , . . . ) for i = 1, 2. Then, if ai3 and a 2 3 satisfy the congruences of the first 
part of the above lemma then ^(013) ^ h/p 2 - To prove this we first observe that since -F(a2 3 ) = 
mod 7r' 3 it follows from Lemma 18.1.1( 1) that ^(a^) ^ h/p, for any k. Hence from 

F^)(a 13 ) s T F0l)(ai2) (a 23 ) mod ^ 3 



it follows that all the components of F(ai 3 ) have valuation at least l$/p. Again by Lemma [8.1.1( 1) 
we obtain v{a\ 3 ) 5* l^/p 2 for any k. 

Proof: We begin with the general case. By definition we have F(A)/A ^ if and only if there 
exists a positive matrix 

( [TT^- 1 ^] C 12 C13 

C= [>-^] c 23 

v [tt^- 1 ^] J 

such that F(A) = C *t A. By the case n = 2, this gives the congruences in (i). The equality of 
entries in position (1,3) gives: 

F^(a 13 ) = r ci2 (a 23 )+7r' 3 .c 13 . 

The coefficient ci 2 is determined by the equality of entries in position (1, 2), namely it is equal to 

F{ ~7^^ -Ci2- This gives the congruence (ii). 

Let A' be another matrix in ^#3. Then by 16.4. 71 we have £(^4) — £>(A') as filtered group schemes 
if and only if there exist Witt vectors r', s', t' such that 



A' :- 



( a'i 2 a'i3 N 

W 2 } a'23 
[tt< 3 ] j 



\ 



( 1 r' t'\ 
1s' 
1 



"T 



' [vr Zl ] 012 ai3 ^ 
[tt^] a 23 

V C 71 "' 3 ] y 



It is easy to see that r' 



«12-«12 
n'2 



and the rest follows. 



We now show how things simplify if one supposes that A has Teichmiiller entries and l\ > / 2 > / 



3- 
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Formulas in (1) are immediate, under these hypothesis, from the general case, and we already 
found them in the case n = 2. Now let us suppose that 

F^)([a 13 ])^r F(;i ) ([ai2]) ([« 2 3]) modvr' 3 . 
Since (p — 5 s 2l\ ^ l 2 + I3, this is equivalent to say 



"13 



ai2 



7T' ; 



023 mod 7r' 3 , 



which is equivalent to (2). 

We now study when two matrices with Teichmiiller entries are equivalent. The assertions about 
a\2 and 023 clearly come from the general case. Now let us take an upper triangular matrix 
A' = i\a'ij\) E -^3- The condition (fTSj) reads, in this case, 

K3] = [°13] + T [a' 12 ]-[a 12] (M) mod TT h . 
Since a' l2 = &12 + n l2 r for some r e R, l 2 ^ h and ^(012), ^(023) ^ ^ we have 

rp /r in [( a 'l2 _ a 12)fl23] , U 

r K 2 ]-[°i2l ([ a 23]) = -n modvr 3 . 



So we get 



as desired. 



[a'13] = [ai 3 ] 



[(a'i2 - ai2)a 23 ] , h 
mod 7T 3 , 



7T' : 



□ 



We now state our final result for n = 3, and we provide some comments after the statement. 

8.3.3 Theorem. Let 0^/3^/2^/1^ e/{p — 1) be integers and 012,0237013 £ R elements 
satisfying the congruences: 



aP l2 = mod vr' 2 



2 P 23 = modvr' 3 , TT h a p 3 = a 23 a p l2 mod Tr h+h . 



Let A = ([ay]) &e i/ie matrix with Teichmuller entries of '^#3 defined by these parameters (Lemma \8.3.1\) . 
Assume that l\ ^ pl 3 . Then the pre-Kummer subgroup G a E(A) is finite flat if and only if the 
following congruences are satisfied: 



pa\2 - 7T 



h 



P 



7T(P-l)li 12 



a? = mod ir ph 



pa 2 3 - 7T 



*2 



P 



a^^O mod7r p/3 , 



^?T)]7 a 13 = ™ - «12 - «23 



7r (p-l)/2 

pai2 - vr' 1 - ,% h a p 12 



7T 



P^2 



mod ir 



ph 



When this is the case, we have 

( 



G = Spec 



R[T U T 2 ,T 3 ] 



V 



/ (lWiTi)P (Di(ri)+7r'2r 2 )P(l+7r'iTi)- 1 -l \\ 

(D2(T 1 ,T 2 )+nhT 3 ) p (Di(T 1 )+n l 2T2)- 1 -l 
■n-P'3 
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where Di(T) = E p (a 12 T) = Efc=o a l2lT an( ^ D 2{Ti,T 2 ) is a lifting of 



Ep(aisTi) E p [a23 



T 2 



'D 1 (T 1 



mod TT l:i , 



which under the above congruences is a polynomial. Finally if A' = ([a'ij]) £ ^#3 then the finite 
and flat group scheme of E(A') is isomorphic to G if and only if a! yi = 012 £ R/ir l2 R, a' 23 = 0-23 £ 
R/ir h R and 



[a'i 3 ] - [ai 3 ] = [ 



7!"': 



(20) 



8.3.4 Remark. (1) This result says that we are able to describe completely the congruences 
satisfied by matrices with Teichmiiller entries giving rise to Kummer group schemes of order p 3 , 
under the (light) assumption that l\ ^ PI3. Removing this assumption would require more work. 
See the final remarks in 18.51 for more comments on the case l\ < However we do not know if 
Kummer group schemes of order p 3 arising from matrices with Teichmiiller entries provide all the 
Kummer group schemes of order p 3 , under the hypothesis l\ ^ pl 3 . 

(2) A consequence of the above statement is that in the situation of 18.3.31 we may take B = F{A) 
in Theorem 17. 2. li See also Remark 17.2.21 

(3) In the third congruence of the second set of congruences, one may in fact remove the term pa\3 
since e ^ l\ ^ pl 3 . But leaving it emphasizes the similarity with the congruences we obtained with 
the Breuil-Kisin approach, as we will see in 18.3.51 



Proof: The dependency on the parameters (in the end of the statement) follows from Lemma [8.3.11 
The rest is proven by the general theory, except for the precise shape of the congruences. Proposi- 
tion gives the congruences for the subgroup and quotient of degree p 2 in G to be finite flat, and 
fills up the upper left and lower right matrices of size 2. More precisely, we have the congruences: 



pa\2 - tt 11 
pa 2 3 - K h 



V 



Trip- 1 ) 1 ! 
P 



With the notations of Theorem 17.2.11 we have: 



(ai 2 ) p = mod^>\ 
(a 23 ) p = mod^ 3 . 



B = R, 



I [tt^] K 2 ] u 13 N 

K 3 ] 

[vrP' 3 ] j 



and 



V 3 



( p[ir h ]/irP h 


V 



V12 v 13 
p[ir l3 ]/7rP l3 J 



where V\2 = v\ and 1*23 = v\ are the following vectors of W{R): 



V12 



p[an] ~ [ir x ] - T p[nh]/7TPll [a p 2 ]J , 
V23 = ^ (pM - [k 12 ] - T p[7T i 2]/nPl2 [a^ . 



55 



Thus G is finite flat if and only if the previous congruences are satisfied as well as the following 
last one: 

P[ata] ~ [am] ~ T P [nhy n ph u i3 ~ T v 12 K3] = mod nPh ■ 
It only remains to prove that this is equivalent to: 



_J!_ a . i3 = pan _ ai2 _ ah 
This is done in Subsection [87 



P V 
T (p-l)i! °12 



mod 7T- 



□ 



8.3.5 Comparison Sekiguchi-Suwa Theory / Breuil-Kisin Theory for n = 3. We proceed 
as in 18.2.61 to compare the two theories. Since we conducted the computations only under the 
additional assumption l\ 5= ph on the Sekiguchi-Suwa side, we will stay in this restricted setting. 
We consider again the map (— )* : A; [[it]] — ► R, Xi£o c i u% l—> 2jS=o hi 71 "* and the induced map on 
matrices: 



I U h Ql2 0.13 ^ 



A 



u h a 2 3 



V 







if 



6 <%((«)) 



.4* 



/ 



/ M [afc] [«&] X 
[tt*>] [a* 3 ] 

y [V 3 ] y 



e M 3 (W(R)). 



We want to check that A is a /i-matrix if and only if A* gives rise to a model of [i p z. For this we 
compare the congruences from Breuil-Kisin Theory (c/ l5.2.lj ) on the left, and the congruences from 
Sekiguchi-Suwa Theory (c/" l8.2.3|) on the right. 



'12 



mod it' 2 , a-23 = mod it' 3 



*/ = mod vr' 2 , a*/ = mod vr' 3 



B 



u e a\2 + u ll Ei 
u e a 2 3 + u h Ei 



mod it p ' 2 
mod it p ' 3 



pah 
P a h 



TT 



V 



n (p P l)h "23 



mod ir pl 
%, p = modn pl 



a* p 
a 12 



ai2 — u h ' 2 a23 = mod it' 3 



??? 



E 



14/2 a i3 ~~ a i2 a 23 = mod u' 2+ ' 3 






7r' 2 a* 3 p = a| 3 a*/ mod vr' 2+ ' 3 








« e ai3 + a 12 E 1 + Si (u e ai2,u ll E 1 ) +ir 1 £ 2 
u e-( P -i)/ la P 3 " £ ^ 2 +"' 1 ^;» e ' (p ' 1) ' 1 < 2Q P 3 - mo d^ 3 
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One sees immediately that in the Breuil-Kisin side there is one more equation. We will prove 
below that in fact this congruence is a consequence of the others, so we do not bother considering 
it for the moment. 

In fact, only conditions D and E need to be compared, since the previous ones match by the 
case n = 2. The equivalence between the congruences in D is immediate since the operator (— )* 
induces an isomorphism on the truncations of level l 2 + I3, given that e ^ l 2 + h- We pass to E. 
Taking into account our assumption that l\ > pl%, on the Breuil-Kisin side we have 

u h E 2 = § 1 (u e a 12 ,u h Ei) =0 mod / 3 . 

With what remains, we can see that the two equations are equivalent in the same way as in 18.2.61 
It is still true that p 2 = mod ir pl:i . So we have 7r e + p[Ei](ir) = mod p 2 (beware that LEi(it)] 
evaluated at u = it is [i?i](7r)). With no more difficulty than in the case n = 2 one shows, using 
h ^ pl 3 , that (af 3 )* = (a* 3 )P mod tt' 3 , (af 3 )* = (a^)* mod vr' 3 and 



, u e a 12 + u h E 1 -u e -^ h a p 12 p 
[u ai3 + a 12 E 1 a p 23 ) 



^ e «13 + < 2 [^l]W 



This gives the result. 

We now prove that the congruence a\ 2 = u ll ~ l2 a 2 3 mod u' 3 , in the Breuil-Kisin side, is implied 
by the others. We first observe that by the Breuil Kisin congruence in E, and since a 23 = 
mod it' 3 , we have 

a 12 Ei = -u e -^-^ h a p l3 mod u h . 



Of 

So, using a^ 3 = «23^if mod u li , it follows that 

p 

a X2 E x = - u e - {p - l)h a 2 ^ mod u h . (21) 

But if we divide u e a± 2 — u ll E\ = n e_ ( p_1 ^ 1 a^ 2 mod u l2P by u' 2 , and we consider what we obtain 
modulo u' 3 , we get 

Putting this congruence inside (|2ip one gets the claim. Finally the sets of congruences on the left 
is equivalent to the set of congruences on the right. 



8.4 Five lemmas 

The lemmas in this subsection complete the proof of Theorem 18.3.31 We use all the notations 
introduced in the statement and the proof of the theorem. 

8.4.1 Lemma. Modulo ir pl3 , we have: 

( P P \ 

Vl2 = ^ph [P ai2 ~ nh ~ ^T)ir a i2' CTl ^ ai2 ' " ai (P ai2 ~ ^' ^(FT)77«i 2 )>0, ...J. 
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Proof: We will compute ir pl2 vi 2 = ^[012] — — ^jyii/^pfi [(ai2) p ] modulo ttp( 12+13 \ Since 
^(012) ^ ^/p, we obtain v(Si([ai 2 ], [012])) ^ hp l1 for each i e N. For i ^ 3, we have hp 1-1 5 s 
Z 2 p 2 ^ pi 2 + phi hence 

p[oi 2 ] = (poi2,(l-p p ~ 1 )(oi 2 ) , ',*p p " 1 (ai2) pa ) ...) eW{R/TT p ^ +l ^R), with v(*) > 0. 

Note that 

u(p p - 1 (ai2) p2 ) 5* e(p - 1) + pZ 2 5* / 3 (P - I) 2 + Ph 5* Ph + ph 

so finally 

PM = {pa 12 ,{l- p v- 1 ){a 12 y,Q,...)eW{R/^ +l ^R). 

We now compute: 

PW - [vr Zl ] = fpaia - A (1 - pP -1 )^)* + vi(pa n , -tt' 1 ), S 2 (p[ai 2 ], -[tt' 1 ]), ... V 



Using the minorations v(pai2) 5= e, 1 )(ai2) p 5= Z2, v(ir l1 ) = l\, we obtain Si(p[ai 2 ], — t 71 "' 1 ]) 

in R/itP^+^R. 

v(a 2 (pai2, -Tr h )) > {p 2 - l)h + e > {p 2 - l)Zi + (p - = ph + {p 2 - 2)h > Ph + ph 
so finally 

PW - k 1 ] = (pa 12 - tt ?1 , (1 - p p - 1 )(a 12 ) p + a x {pa l2 , -n h ),0, . . . ) . 
The last term contributing to v% 2 is 

T p[7Th]/7rPh [(a 12 ) p ] = (^(a 12 y,(l-pP- l )(a 12 y,0...^ e W(R/^ +l ^R). 
We add up and we obtain the lemma. □ 

8.4.2 Lemma. In W(R/tt p13 R), we have the equality: 

Proof: Now we can compute, in W(R/tt p1s R) this time: 

T„dM'] - {pan - tt" - ^5^12)') , 

^ K "«") + ^ H " ' ■»■■■■)■ 
We simplify a little bit. Using the identity a\(x,y) = a\(x, —y — x), we get 

<ri (pan - A -^-(a 12 ) p ) = «ti (pa 12 - Tr h , --^-(a 12 ) p + vr' 1 -pa 12 ) . 

We use the inequality v(a\(a, b)) 5= min((p — l)f(a) + v(b), (p — l)v(b) + v(a)) from Lemma f8. 1.2 ( 4). 
In our case a = pa\ 2 — tt 11 has valuation l\ and b = — 7r ( P -i) il (»12) P + t' 1 — P«i2 has valuation at 
least pl 2 , and we find 



v 



0-1 ( Q ' b ) } $ ; / :-; -/>/;> + mill (!/> - + pl-2-h. + (/>- !)/>/•>) > /'/:! 



so this term vanishes. Finally we obtain the lemma. □ 
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8.4.3 Lemma. We have the following equalities in W(R/ir pls R) : 
p[oi3] - [012] - T Vl2 [(a 23 ) p ] 

= (P«13 - Ol2, (ai3) P + <Ti(pOl3, -ai 2 ), 0, . . . ) 



(pan-^ ~ ^M*) (pa*,-**) ,0, 



= (c ,ci,c 2 , . . . ) 



c = pai 3 - 012 - ^f^ (pa i2 - tt' 1 - ^ p p 1)h {anf) 
ci =(a 13 ) p 



and Ci = 0, i > 2. 
Proof: We have 

P[ai3] - K2] = (pai 3 , (ai 3 ) p , 0, . . . ) - (012, 0, . . . ) 



= (pais -«i2,(oi3) p + o-i(poi3,-ai2),o- 2 (pai 3 ,-ai2),...) e W(R/n p 3 R). 

Recall from Lemma fe. 1.2( 4) that u(o"2(o, 6)) ^ min ((p 2 — l)v(a) + v(b), (p 2 — l)v(b) + v(a)) . Using 
this we see immediately that CT 2 (pai3) —^12) = mod n ph so that 

p[au] - [0-12] = (pan - a 12 , (a 13 ) p + ax(pa 13 , -a 12 ),0, ■ ■ ■ ) e W(R/w pl3 R). 
So Co is as in the statement and 

ci = (ai 3 ) p + ai{pai 3 , -a 12 ) ~ a\ \pa12, -ir h ^J 

+ ax (pais ~ oia, (paia - ^ - ^^M P )) • 

Then we have i>((7i(pai3, — Q12)) ^ e + (p — l)fo/p > (p — l)Zi ^ pfe, 

«(^ff ^1 (pa^,-^ 1 )) > h-pl2 + li(p-l) + e + l 2 /p>pk, 

v(vi (pa^ - aw, (pais - 7^ - ^(a^)) ) 5* Zi/p + (p - 1)Z 3 5* pk- 



□ 



8.4.4 Lemma. For u\ 3 = (uq,ui, . . . ), the condition 



p[ai 3 ] - [ai 2 ] - X pUii/^ii «i3 - X„ 12 [a£ 3 ] = mod n ph . 



implies in R/ir pl3 R: 



CO = ^TUT^O 



' 1 - "0 - ( ^IJTT ) "I 



(7i (ci, -n ) -ux = 0. 
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Proof: Since ^ff = , 1, 0, ... ) modulo % ph , then 

Vu^ mod 7r pZ3 . 



V 



7T 



(P-I)^l 



T p[vr'l] "13 = 
TrP'l 

Then by the condition in the statement it follows 
P 



7T 



(P-I)il 



"13 



F«i3 + (c ,ci,0, . . . ) = -(Q,u ,ui, . . . ) + (c ,ci,0, . . . ). 



Remark that v(cq) ^ ^ and v(ci) ~>~ h/p- Also note that by Remark 18.3.21 it follows that v(ui) ^ 
fa/p, for all i ^ 0. We deduce: 

p 



L 7T 



(P-I)'l 



1*13 



c ,ci - u ,ax(ci, -u ) - ui, -u 2 , . . • , -u k ,0, ...) e W(R/-K ph R) 



where ut is by definition the last nonzero term in U13 and — u k occurs here at the (k + l)-th place. 
On the other hand, 



P 



(p-m 



U13 



p (_ 



p 



(p-m 



Ul, 



p 



(p-m 



7T 



U 2 



where here the term involving u k occurs at the fe-th place. This is not possible if k > 2. Hence 
fe ^ 1 and M13 = (no,ni,0, . . . ) e W(R/ir pl:i R). And we obtain the expected formulas. □ 



8.4.5 Lemma. We have u\ = 0. Therefore uq = a p 3 and the condition of the previous lemma is 
equivalent to the congruence: 



pa\2 — vr' 1 2 — nV 

^=m a ™ = pai3 ~ ai2 ~ a 23 ^ 2 



p p p pai2 ~ Z ggwglg j Ph 



Proof: We have uo = ci — ^ (p ^ 1}ii j 0"i(ci, — «o)- Since ci divides cri(ci, —no) e R/tt p13 R, uq = c\u' 
with > 0. Write /3 = ci ( ^f^ ) then 

co = /3-(^ TjI7 )/3V(l,n ) 
and 5= w(ci) > /3/p. We obtain 

= c o + (^1^)^1(1^0)^ e 10^/2. 

Recall that c = pa i3 - a 12 - (pa 12 - ir h - n(p p 1)h («i2) p ) • Hence eg = -a^ 2 e R/it ph R. Now 
we come back to the congruence 

p ai2 - nh - z^m^ ai2)V = mod nPh 

If e + v{a\ 2 ) ^ e — Zi(p — 1) + pt> (012) then ^(012) 5= h and a p 2 = e R/ir pl3 R. 

If e + u(ai2) > e — Zi(p — 1) +pu (012), then e — /i(p — 1) +pw(ai2) > min(p/2, h) and (^ n(p _ 1)h ^ja p 2 = 

E R/ir pl3 R. Hence f3 = cq e R/-K pl3 R. Since /3 = ( (p-i)^ ) c l > we obtain the lemma. □ 
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8.5 Conclusion 



The case l\ < pl% excluded in Proposition 18. 3. Sl shows the complexity of the ramification. To achieve 
this case, we should compute the integrality conditions with matrices with non-Teichmiiller entries 
(see the introduction of Section [HJ). More generally, for n ^ 4, in order to compute the Breuil-Kisin 
modules of Kummer groups, we need to define adapted liftings of parameters to R. In view of 
Theorem 14.2.21 these choices should be related to E{u) mod p n in some way. 

We have seen that any //-matrix has to satisfy the condition HA/ LA ^ 0. This condition is not 
present in the context of the classification of Kummer group schemes. And in the case n = 2 and 
n = 3 (with l\ ^ pl% and matrices with Teichmiiller entries) we have seen that in fact this condition 
is consequence of the others. We do not know if we could remove this condition in the classification 
of //-matrices. 

Let us emphasize that the explicit formulas for Kummer subgroups are relevant not only in the 
perpective of classification of Hopf orders of rank p n ([ChUnj, |GrCh| ) but also for the computation 
of dimension and irreducible components ( [Car| . [lm] ) of Kisin's variety parametrizing some group 
schemes over K (|Kl2j). At last, Kummer group schemes could be useful to give an explicit form 
for Breuil-Kisin's equivalence of categories between (Mod /©) and the category of finite flat group 
schemes of p-power order. 
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